MULTIDIMENSIONAL TAUBERIAN THEOREMS FOR 
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STEVAN PILIPOVIC AND JASSON VINDAS 

Abstract. We study several Tauberian properties of regularizing 
transforms of tempered distributions with values in Banach spaces, 
that is, transforms of the form M^{x,y) = (f * (py){x), where the 
kernel is a test function and ipy{-) — y^'^ip{- /y). If the zeroth 
moment of (p vanishes, it is a wavelet type transform; otherwise, 
we say it is a non-wavelet type transform. 

The first aim of this work is to show that the scaling (weak) 
asymptotic properties of distributions are completely determined 
by boundary asymptotics of the regularizing transform plus natu- 
ral Tauberian hypotheses. Our second goal is to characterize the 
spaces of Banach space-valued tempered distributions in terms of 
the transform M^{x,y). We investigate conditions which ensure 
that a distribution that a priori takes values in locally convex space 
actually takes values in a narrower Banach space. Special atten- 
tion is paid to find the optimal class of kernels ip for which these 
Tauberian results hold. 

We give various applications of our Tauberian theory in the 
pointwise and (micro-)local regularity analysis of Banach space- 
valued distributions, and develop a number of techniques which 
are specially useful when applied to scalar-valued functions and 
distributions. Among such applications, we obtain the full weak- 
asymptotic series expansion of the family of Riemann-type dis- 
tributions Rpix) = J2'^=i^^'^^^ /ri^^^ /3 e C, at every rational 
point. We also apply the results to regularity theory within gener- 
alized function algebras, to the stabilization of solutions for a class 
of Cauchy problems, and to Tauberian theorems for the Laplace 
transform; in addition, we find a necessary and sufficient condition 
for the existence of /(to, G 5'(Kp, where f{t, e 5'(RJ' x W^). 
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1. Introduction 

In this article we investigate several Tauberian aspects of integral 
transforms arising from regularizations of distributions. The seminal 
work of Drozhzhinov and Zavialov [9l [101 Il2] has been used as the 
starting point for our analysis. We shall connect our work with those 
of Meyer, Jaffard, Estrada, Holschneider and collaborators. This will 
be done via the fine pointwise analysis of vector-valued functions and 
distributions. 

Fix G 5(M'^) and set (Py{-) = y~'"'ip{-/y). To a tempered distribu- 
tion /, we associate the regularizing transform, given by 

(1.1) M^{x,y):={f*Vy){x), (x,y)GM"xM+. 

Such a transform is extremely important and useful in mathematical 
analysis. If the integral of ip vanishes, one obtains the widely studied 
wavelet transform. In contrary case, the transform is rather obtained 
through an old procedure in analysis, namely, convolution with an ap- 
proximation of the unity; we therefore choose to make a distinction and 
call it the non-wavelet transform. 

The aims of this article are the following: 

1. To obtain a complete characterization of scaling (weak) asymp- 
totic properties of distributions in terms of the transform (11. ip . 

2. To show that (II. ip intrinsically characterizes the spaces of tem- 
pered distributions with values in arbitrary Banach spaces. 

3. To identify the optimal class of kernels ip suitable for the Taube- 
rian analysis of the two problems stated above. 

4. To develop a number of techniques which can be used as stan- 
dard devices for pointwise and (micro-) local analysis of func- 
tions and distributions. 

The study and determination of the local behavior of functions (or 
generalized functions) is a fundamental necessity in almost any area 
of mathematical analysis and its applications. In the case of Schwartz 
distributions, the problem is not easy to handle: Distributions are not 
pointwisely defined objects, so, how can one study their behavior at 
individual points? There are various different views of the problem. 
One approach consists in fixing a global space of functions, typically 
a Holder or Besov type space, and measuring the local regularity with 
respect to it: a distribution is said to be regular at a point if it coincides 
near the point with an element of the global space, see e.g., [3 ^ [63 | [M]. 

In several contexts, such as propagation of singularities of PDE [ll[5], 
image or signal processing [l\ , or multifractal analysis |l5l HOj H?] , one 
is most interested in finer pointwise measurements that allow one to 



TAUBERIANS FOR WAVELET AND NON-WAVELET TRANSFORMS 



5 



distinguish special features of a distribution in an irregular background. 
Such a pointwise behavior may drastically and suddenly change from 
point to point, which makes the local regularity approach sometimes 
inadequate for these purposes. Perhaps a quite representative ex- 
ample of a function exhibiting this phenomenon is Riemann's "non- 
differentiable" function, 



which have attracted for more than a century the attention of many 
researchers [301 [32l [281 [H [Ml IHI19] . Its behavior at a point deeply de- 
pends on Diophantine approximation properties of the point, and that 
makes it change radically from point to point [H] . Another instance is 
provided by the related family of Riemann type distributions 



whose pointwise properties at rational points will be throughly inves- 
tigated in this article. 

Jaffard and Meyer [19] showed that a better understanding of (11. 2p . 
and other functions, can be achieved via the transform (11. ip and 
ful analysis of the fine scaling and oscillating properties of distributions. 
The key pointwise scaling notion involved in their analysis is that of 
2-niicrolocal spaces, introduced by Bony [H [5] in the context of PDE 
and subsequently studied by many authors [HI [IHl [HI [S21 Ell [S21 [HD] • 

Back in the early 1970's, Zavialov introduced a natural notion of 
measuring for scaling asymptotic properties of distribution, which is 
actually closely related to the 2-microlocal spaces. His notion was 
originated in the setting of quantum field theory [99 lll00[ri04] and it has 
been extensively investigated by him, Drozhzhinov, and Vladimirov, 
see e.g., [H [lOl IHl [131 [98] • Meyer rediscovered in [61] a particular 
case of this scaling concept and used it to define the pointwise weak 
scaling exponent. The study of Zavialov scaling asymptotics is the core 
of problem 1 stated above. 

In this article we will employ the name weak- asymptotics for Za- 
vialov's notion, though we should mention that the same concept is 
more often known in the literature as quasiasymptotics. The idea of 
the weak-asymptotic behavior is to look for scaling self-similarity prop- 
erties of a distribution / G iS'(M"') at either small or large scale, so one is 
interested in asymptotic representations of the form f{ht) ~ c{h)g{t), 
in the distributional sense, that is, holding after evaluation at test 





n=l 
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functions p G iS(M") 
(1.4) 



{f{ht),p{t))^c{h) {git), pit)). 



One quickly realizes [2ll|69l|98] that the comparison function c(/i) must 
be asymptotically self-similar, i.e., a Karamata regularly varying func- 
tion [21 [79j. Familiar functions such as h"^ |log h\^ , h"" |log |log h\\^ , 
are regularly varying. Similarly, one can define f{ht) = 0{c{h)) in 
the weak sense through 



By translating and looking at small scales, both notions provide a natu- 
ral and qualitative measure of the pointwise regularity of distributions. 
The connection between weak-asymptotics and 2-microlocal spaces is 
as follows. It was shown by Meyer in [61]. A tempered distribution / 
belongs (locally) to the 2-microlocal space [61] C^^j* for some s if and 
only if it satisfies (II. 5p with c{h) = /i", as /i — )■ 0+, for all test function 
in the Lizorkin [351 EH [73] space 5o(M") C 5(M"), i.e., for all those test 
functions with all vanishing moments. Therefore, we may say that the 
weak-asymptotics have a microlocal character. 

The weak-asymptotics admit a precise characterization in terms of 
(11. ip . Our aim 1 is to establish such a characterization. For a suitable 
kernel (p, we shall show that (II. 5p holds (up to a possible polynomial 
correction) for all p G iS(M"') if and only if there is k such that 

(1.6) \M;^{hx, hy)\ < y^''0{c{h)), uniformly for \xf + y'^ = l. 

On the other hand, the weak-asymptotic behavior f{ht) ~ c{h)git) 
holds if and only if (II. ip has a related angular asymptotic behavior 
plus the Tauberian estimate (II. 6p . Drozhzhinov and Zavialov made 
quite substantial progress toward the understanding of such a charac- 
terization [9l [To]. The problem was considered by Meyer as well [6lj . 
We will revisit the problem and obtain optimal results. 

Naturally, we cannot expect the characterization to hold for any 
kernel if. Thus, we have partly arrived to the aim 3: The determina- 
tion of the biggest class of kernels that makes possible such a result. 
Drozhzhinov and Zavialov proved that the desired characterization is 
valid if 0, the Fourier transform of ip, satisfies a non-degenerateness re- 
quirement; specifically, if it has a Taylor polynomial at the origin that 
is non-degenerate, in the sense that such a Taylor polynomial does not 
identically vanish on any ray through the origin. We will identify the 
biggest class of kernels associated to this Tauberian problem by find- 
ing a more general condition of non-degenerateness. It turns out that 



(1.5) 



{fiht),p{t)) = Oicih)). 
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the structure of the Taylor polynomials does not play any role in our 
condition. 

In Wiener Tauberian theory [SH 1103] and its extensions [271 ESI EH] 
the Tauberian kernels are those whose Fourier transforms do not vanish 
at any point. In our theory the Tauberian kernels will be those (p such 
that does not identically vanish on any ray through the origin. This 
is precisely our notion of non-degenerateness, which fully answers the 
problem 3. 

We now explain the problem 2 stated above. We claim that the 
mere knowledge of the transform f 1 1.11) along with its growth properties 
suffice to conclude whether a vector-valued distribution takes values in 
a Banach space (up to some correction term). More precisely, suppose 
that the vector-valued tempered distribution f takes a priori values 
in a "broad" locally convex space which contains as a continuously 
embedded subspace the narrower Banach space E, and that M^{x, y) G 
E, for almost every value of {x,y). If it is a priori known that f takes 
values in E, then one can directly verify that it satisfies the estimate 



for some k, I, and C. We call (11. 7p a class estimate. The problem of 
interest is the converse one: Up to what extend does the class estimate 
(11.71) allow one to conclude that f actually takes values in E7 

The aim 2 is to address this question. We shall show that if f satisfies 
(11. 7p . where is non-degenerate in our sense, then f takes values in 
E up to vector-valued entire functions whose Fourier transforms have 
compact supports that are totally controlled by ip. 

We point out that this problem was first raised and studied by 
Drozhzhinov and Zavialov [9], [10] . Their results are robust and they 
demonstrated their usefulness with several very interesting applica- 
tions; for example, they discovered a general abstract class of one- 
dimensional Besov type spaces in [9] , and established in useful norm 
estimates in various Banach spaces for solutions to the Schrodinger 
equation. However, their theory excludes a wide number of kernels 
that are of great interest in harmonic analysis. For instance, their the- 
ory does not cover wavelets with all vanishing moments, if G i5o(M"). 
Observe that the wavelets that are involved in (continuous) Littlewood- 
Paley decompositions [38] are of this kind. Our results will incorporate 
those (and many other) important types of wavelets. 

The two type of Tauberian results described above are powerful tools, 
especially when they are combined together. It is important to em- 
phasize that they provide a new perspective in the study of classical 



(1.7) 
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pointwise and local regularity properties of ordinary functions as well. 
They even supply techniques to study global properties, since, as we 
will show, global regularity may be explicitly transfer into weak point- 
wise properties of vector-valued distributions. 

Our aim 4 is to illustrate these facts with several concrete applica- 
tions. Such apphcations will be detailed in the next subsection. Per- 
haps the most representative of them concerns the pointwise analysis 
of the Riemann type distributions (11.31) . We show that for any P the 
distribution f ll.3p admits a full weak-asymptotic series at every ratio- 
nal point. Interestingly, the pointwise behavior of fll.3p is intimately 
related to the analytic continuation properties of the generalized zeta- 
type function 

n=l 

provided in this article for r G Q. 

1.1. Outline of Contents. The paper is organized as follows. 

Section [2] is of preliminary character, we recall there basic facts about 
Banach space- valued (Schwartz and Lizorkin [73]) distribution spaces 
and the notion of weak-asymptotics. Several special cases of weak- 
asymptotics will be introduced as examples in order to show how such 
a kind of asymptotic behavior is involved in familiar notions from dis- 
tribution theory. Those particular instances are: Lojasiewicz point 
values [581 EH] and jump behavior of distributions [251 IMl [91], the 
Estrada-Kanwal moment asymptotic expansion [251 El], and Meyer's 
weak scaling exponents |61] . 

We discuss in Section El properties of the regularizing transform and 
extend the wavelet analysis given in [35] to Banach space- valued distri- 
butions. We first treat the basic properties that are common to both 
the wavelet and non-wavelet transforms. After a normalization, we 
will follow [261 [92] and use the terminology (p-transform for the non- 
wavelet case. We introduce here the crucial concept of non-degenerate 
test functions, which is wider than that introduced by Drozhzhinov and 
Zavialov in [TI] and called here strong non-degenerateness. They will 
be indeed the Tauberian kernels of our theory. We mention that the 
same class of test functions has been already used by other authors in 
other contexts, see e.g., [H]. 

The extension of the scalar distribution wavelet analysis from [35] 
to Banach space-valued Lizorkin distributions will be accomplished in 
Subsection 13.31 with the aid of the nuclearity of the Schwartz spaces 
[83j . The wavelet desingularization formula and the characterization of 
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bounded sets of Banach space- valued Lizorkin distributions will prepare 
the ground for the vector-valued theory given in the next four sections. 

The Abelian results from Section|4]are essentially due to Drozhzhinov 
and Zavialov [9l [10], but we shall refine their results by adding new 
information through uniformity conditions occurring in the angular 
asymptotic behavior of the transform (11. ip . 

Section [5] is devoted to the Tauberian characterization of weak- 
asymptotics in the space iSq(M"', E), i.e., the space of Lizorkin distribu- 
tions with values in a Banach space E (cf. Subsection 12. ip . The key 
condition in our theory will be an i?-norm version of the Tauberian 
estimate (11.60 on the half-sphere of x M.^ . We have extended all of 
the one-dimensional results from [95] . We highlight that the technique 
employed here, comparing it with that from [95], has been considerably 
simplified and refined. 

The main results of the article are obtained in Section [6] and Section 
[3 In Section [6] we undertake the Tauberian study of weak-asymptotics 
in 5'(R"', E), the space of tempered distributions with values in a Ba- 
nach space E. In Subsection 16.21 we characterize the weak-asymptotics 
in terms of the 0— transform, while in Subsection 16. 31 we show that such 
asymptotic properties can be also fully characterized (up to a polyno- 
mial correction) via the wavelet transform. The estimate (11.60 will play 
again the role of the Tauberian hypothesis. An important achievement 
here is the analysis of the weak-asymptotics of critical degrees, namely, 
positive integral degrees, not present in [9l [10] nor in Meyer's work 
[61] . In such a critical case the classes of associate homogeneous and 
homogeneously bounded functions [SnilSB], defined in Subsection 16. H 
will appear as natural terms in the polynomial correction. 

Section [7] deals with the characterization of 5'(R", E) and (Sq(R"', E), 
where E is a. Banach space, through global and local class estimates. We 
assume that f takes a priori values in a broad locally convex space which 
contains the narrower Banach space E as a continuously embedded 
subspace, and that M^{x,y) G E, for almost every value of {x,y), 
satisfies the Tauberian class estimate (11.70 . We show first that the 
global class estimate (I1.7P determines iSg(]R",i?) if the wavelet is non- 
degenerate. On the other hand, for iS'(]R",-E), we prove the existence 
of G, with values in the broad space, such that supp G C {0} and 

(1.8) f- G G 5'(M",^). 

In case when the broad space is a normed one, G reduces simply to a 
polynomial. The important notions of strong non-degenerateness and 
that of degree of non-degenerateness, introduced in Subsections 17. 21 and 
17.41 enable us to analyze a local version of the class estimate (II. 7p . that 
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is, when it is assumed to hold just for (x, y) G M" x (0, 1]. For strongly 
non-degenerate wavelet, the result described above remains unchanged 
if one replaces the global class estimate (11. 7p by a local one. It is then 
shown that if is non-degenerate, (II. 8p remains true where the support 
of G may not be any longer the origin but it is completely determined 
by the wavelet. For the 0— transform, G does not occur. Our results 
are sharp] we supply various examples to support this claim. 

On the basis of previous the two sections, we develop in Section [8] 
several useful techniques which aim to be tools for the pointwise, as- 
ymptotic, and (micro-)local analysis of functions and distributions. It 
is not the scope of this section to investigate general problems. Our 
purpose is rather to explore the applicability of our Tauberian theo- 
rems in concrete situations which allow us to show the methods and 
relate them with the work of other authors. Nevertheless, many of the 
methods provided here seem most likely to be generalizable to other 
contexts (such as a more detailed analysis of the classical 2-microlocal 
spaces in El 119] or the generalized ones in the sense of Jaff ard [H] ) . 

We introduce in Section 18.11 a new class of pointwise spaces of Ba- 
nach space-valued distributions, the pointwise weak Holder space with 
respect to regularly varying functions, and characterize them by growth 
estimates on the wavelet transform. These spaces are extended versions 
of Meyer's pointwise spaces 0^{xq) and r^(a;o) from [61]. Remarkably, 
although our spaces are pointwisely defined, they are also very effective 
tools for studying global regularity. The key point is to translate weak 
pointwise behavior of vector-valued distributions into global regularity 
for scalar-valued distributions. For instance, this approach will lead 
to a generalization of Holschneider's wavelet inverse theory for global 
regularity [SUES]. As a second application, we recover two Tauberian 
theorems of Meyer [21] and Jaffard [13] on the determination of point- 
wise Holder exponents from size estimates of the wavelet transform. 

In Subsection 18.21 we study sufficient conditions for asymptotic stabi- 
lization in time of solutions to the evolution equation Ut — P{d/dx)U = 
t=o = f ^ <S' , where P is a homogeneous polynomial such that 
3fte P{iu) is negative with respect to a cone. Subsection 18.31 explores 
applications of our Tauberian techniques to regularity theory within 
generalized function algebra [HI EHl [HS] ; we show the regularity theorem 
from [32]: under certain growth condition for {f *(Pe)ej the distribution 
/ must be smooth with all derivatives being polynomially bounded. 
Subsection 18.41 provides a wavelet characterization of Estrada's distri- 
butionally small distributions [I9l[2l], namely, the elements of the dual 
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space of /C (the space of symbols studied in [29]). The pointwise anal- 
ysis of the family of Riemann's distributions (11. 3p at the rationals will 
carried out in Subsection 18.51 We discuss in Subsection 18.61 Taube- 
rian theorems for Laplace transforms of distributions with supports in 
cones. Such theorems will be obtained under milder conditions over 
the cone than those from [71 [98] . We apply then these ideas to produce 
a new proof of Littlewood's Tauberian theorem [311 |55l [56]. As our 
last application, we give in Subsection 18.71 a new and very short proof 
of the fact that the weak-asymptotics of / G iS'(M"; E) over V{M"') is 
equivalent to the weak-asymptotics over 5(M"). 

In Section 9 we extend our considerations to a more general set- 
ting; we explain that all Abelian and Tauberian results from Sections 
HHT] remain true if we replace the Banach space by a DFS space [77] 
(strong duals of Frechet-Schwartz spaces), or more generally, by a reg- 
ular inductive limit of an increasing sequence of Banach spaces which 
additionally has the Montel property [53]. Most spaces of generalized 
functions, such as spaces of distributions, ultradistributions [53] and 
Fourier hyperfunctions |50j, are of either this kind or projective limits 




of this kind of spaces. As an illustration of these abstract consid- 
erations, we give a necessary and sufficient condition for a tempered 
distribution / on M" x M.T to have trace at t = to, i-e., for the existence 



Finally, the purpose of the Appendix is to establish the precise con- 
nection between weak-asymptotics in S'q(W^,E) and S'(W^,E). Such 
a relation showed to be a valuable part of the technique employed in 
Section [61 




of f{to,-)eS'iR"'). 
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2. Notation and Preliminaries 



We use the notation Er"^-'^ = x ]R_|_; is the unit sphere; |x| is 
the Euchdean norm, x G M"; |m| = mi + m2 + ■ ■ ■ + m„, for m E N", 
where N includes 0; = m e W\ 

The space E always denotes a fixed, but arbitrary, Banach space 
with norm || ■ ||. 

If a : / t-^ E and T : / ^ M+, where / = (0, A) (resp. / = {A, oo)) 
we write a{y) = o{T{y)) as y — > 0+ (resp. y — )■ oo) if ||a(y)|| = o{T{y)). 
We shall use a similar convention for the big O Landau symbol. Let 
V G -E, we write a{y) ~ T{y)\ if a{y) = T{y)w + o{T{y)). 

2.1. Spaces of i?- valued Distributions. The Schwartz spaces [76] 
of smooth compactly supported and rapidly decreasing test functions 
are denoted by V(W^) and iS(M'^); their dual spaces, the scalar spaces 
of distributions and tempered distributions, are P'(]R") and iS'(M"). 
We denote by £^(]R") the space of C°°-functions, while £'{W^) stands 
for the space of compactly supported distributions. We will use the 
Fourier transform 



Following the space iSo(M") of highly time-frequency localized 
functions over M" is defined as the subspace of iS(M"') consisting of 
those elements for which all their moments vanish, i.e.. 



r] G 5o(M") if and only if / t'"r/(t)dt = 0, for all m G N". 



It is provided with the relative topology inhered from iS(]R"). This 
space is also known as the Lizorkin space of test functions [571 ES], and 
it is invariant under Riesz potential operators. We must emphasize 
that iSo(M") is different from the one used in [llj. The corresponding 
space of highly localized function over H'^^^ is denoted by S{M.'^~^^). It 
consists of those $ G C°°{M^^^) for which 



for all ki,k2,l G N and m G N". The canonical topology of this space 
is defined in the standard way |35] . 

Let A{fl) be a topological vector space of test function over an open 
subset Q C M". We denote by A'{Q,E) = Lb{A{Q),E), the space 
of continuous linear mappings from A{Q) to E with the topology of 
uniform convergence over bounded subsets of A{Q) [83j- We are mainly 
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concerned with the spaces V'{W,E), S'{W,E), S'{W+\E), and the 
Lizorkin type space Sq(M.'^,E); see [7S] for vector- valued distributions. 
Let f be in one of these spaces of E'-valued generahzed functions and 
let (fi be in the corresponding space of test functions; the value of f at <y9 
will be denoted by (f, ip) = (f (t), f{t)) G -E. If / is a scalar generalized 
function and v G -E, we denote by /v = v/ the £'-valued generalized 
function given by {f {t)\' , !f{t)) = (/,</)) v. The Fourier transform of 
f G iS'(M" , E) is defined in the usual way, 

(f(n),^(n)) = (f(t),^(t)), ^g5(M"). 

Observe that we have a well defined continuous linear projector from 
S'iW^jE) onto 5o(M",£') as the restriction of ii^-valued tempered dis- 
tributions to the closed subspace iSo(M"). It is clear that this map is 
surjective. However, it has no continuous right inverse [21]. We do 
not want to introduce a notation for this map, so if f G iS'(]R", E), we 
will keep calling by f its projection onto iSq(]R", E). Note also that the 
kernel of this map is the space of polynomials over M" with coefficients 
in E {E-valued polynomials). Therefore, Sq{W^,E) can be regarded as 
the quotient space of iS'(M", E) by the space of valued polynomials. 

If f is a continuous i?- valued function of tempered growth on MJ^, we 
make the usual identification with the element f G S'{M.^,E), that is, 

(f(t),^(t)):= / f(t)^(t)dt. 

On the other hand, our convention is different for the space iS'(EI""'"^, E). 
Let K G C(EI"'"'"\ E), we say that it is of slow growth on H""*"^ if there 
exist C > and fc, / G N such that 

||K(x,2/)|| <cQ + y^ {l + \x\y, (a;,y)Ge"+i; 
we shall identify K G 5'(H"+i, E) by 

{K{x,y),^x,y)):= r [ K(x, y)<l>(x, y)^, $ G 5(e"+i). 

Jo y 

The choice of y~^dxdy instead of dxdy will be clear in Subsection 13.31 
below. 

2.2. Weak-asymptotics. The weak-asymptotics measure the scaling 
asymptotic properties of a distribution by asymptotic comparison with 
Karamata regularly varying functions [T0|[TT|l2itl69|[85|[86|[Mt[98]. 
As previously mentioned in the introduction, "quasiasymptotics" is the 
usual name employed in the literature for this concept; however, we will 
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use the name weak-asymptotics which better reflects the distributional 
nature of this notion. 

Recall that a measurable real-valued function, defined and positive 
on an interval (0,^4] (resp. [A, oo)), A > 0, is called slowly varying at 
the origin (resp. at infinity) [H [511 [79] if 



Observe that slowly varying functions are very convenient objects to be 
employed in wavelet analysis since they are asymptotic invariant under 
rescaling at small scale (resp. large scale). Familiar functions such as 
L{t) = |logt|'^ , |log |logt||^ , • • • , are slowly varying at both the origin 
and infinity. 

In the next definition ^(M") is assumed to be a space of functions for 
which the dilations and translations are continuous operators; conse- 
quently, these two operations can be canonically defined on ^'(M", E). 
Our interest is in ^ = V, S, Sq. 

Definition 2.1. Let f G A'{W^,E) and let L be slowly varying at the 
origin (resp. at infinity). We say that: 

(i) f is weak- asymptotically bounded of degree a & M at the point 
Xq G M" (resp. at infinity) with respect to L in ^'(M"',£') if 



In such a case we write, 
f{xo + et) = 0{e''L{e)) as e ^ 0+ inA'{W,E) 

{resp. f (At) = O (A"L(A)) as A ^ oo m A'{W, E) ) . 

(ii) f has weak- asymptotic behavior of degree a & M. at the point 
Xq G M" (resp. at infinity) with respect to L in A'{W^,E) if 
there exists g G A'{R"-, E) such that for each G ^(M") the 
following limit holds, with respect to the norm of E, 




for each a > 0. 





lim — — — 




{i{xo + et),^{t)) = {g{t),^{t))eE 
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We write 

(2.1) f (xo + et) ~e"L(£)g(t) as 6^0+ mA'iW,E) 

{resp. f (At) ~ A"L(A)g(t) as X ^ oo m ^'(M", E) ) . 

We shall also employ the following notation for denoting the weak- 
asymptotic behavior (12.11) 

f (xo + et) = e"L(£)g(t) + o(£"L(£)) as£^0+ in^'(R",E) 

(resp. f (At) = A°L(A)g(t) + o (A°L(A)) as A ^ oo in ^'(M", E) ) , 

which has certain advantage when considering (weak-) asymptotic ex- 
pansions. 

It is easy to show [2ll [691 EH] that g in (12.11) must be homogeneous 
with degree of homogeneity a as a generalized function in J^{^ ^E\ 
i.e., g(at) = a"g(t), for all a e M+. We refer to [Hj for an excellent pre- 
sentation of the theory of multidimensional homogeneous distributions; 
such results are valid for ii^-valued distributions too. 

Let f e iS'(M",£') have weak-asymptotic behavior (resp. be weak- 
asymptotically bounded) in iS'(]R",i?), it is trivial to see that f has 
the same weak-asymptotic properties when it is seen as an element of 
S'q{^ ^Ey^ however, the converse is in general not true. The precise 
relation between weak-asymptotics in 5q(]R", i?) and iS'(]R", £') will be 
of vital importance for our further investigations, it will be studied in 
detail in the Appendix A (see Propositions A.l and A. 2). 

Let us discuss some examples of weak-asymptotics. 

Example 2.2. Pointwise weak scaling exponents. Meyer [EI] defined 
the weak scaling exponent of / G iS'(M") at Xq G M" as the supremum 
over all a such that 

f{xo + et) = 0(e") as e ^ cx) in 5^(R). 

The weak scaling exponent is connected with the (local) membership of 
/ to 2-microlocal spaces |6T]. The motivation behind the introduction 
of this scaling exponent is to consider the smallest pointwise scaling 
exponent that is stable under any differentiation and bigger or equal to 
the usual Holder exponent. The wavelet transform is an effective tool 
in the calculation of the pointwise weak scaling exponent. 

The pointwise weak scaling exponent of a function may be rather 
big without having the function to be even differentiable at the point. 
This phenomenon is due to cancellation caused by rapid oscillation. 
For example the function t'^sin(t~^), t > 0, admits a regularization 
at the origin which has weak scaling exponent oo at = 0, this can 
be done for all 7 G M and f3 > ^58j. In [72], Saka provided useful 
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bounds for pointwise weak scaling exponents of self-similar functions, 
they allow one to relate such a weak exponent with the Holder one. 
For example, consider the Weierstrass function 

oo 

/(t) = ^a^sin(2^), 
j=i 

where < a < 1; it is shown in 172^ p. 1044] that at any point xq G M 
the pointwise weak scaling and Holder exponents of / coincide, and 
actually, they equal the constant — log a/ log 2. 

Meyer [61] calls a point where the weak scaling and Holder expo- 
nents of a function coincide (and are finite) a cusp singularity; on the 
other hand, if the weak exponent is strictly bigger than the Holder 
one, the point is said to be an oscillating singularity. So, the Weier- 
strass function defined above has cusp singularities everywhere, while 
the functions t"^ sin(t~'^), /3 > 0, 7 > 0, have oscillating singularities at 
the origin. 

Example 2.3. Lojasiewicz point values. If A'{W',E) = V'(M."',E), 
a = and g(t) = v G -E, a constant i?-valued distribution, in (ii) of 
Definition 12.11 (as e — 0"*"), then we say that the distributional point 
value of f at xq is v. We denote this by f (xq) = v, distrihutionally. The 
notion of point values for distributions is due to Lojasiewicz [581 El] 
(see also |26l EH 1102] ). It will be very important for us in the future. 

Lojasiewicz concept of point values is an average notion. In fact, 
it can be shown [551 [5^ that f (xq) = v, distributionally, if and only 
if there exists a multi-index mo G N** such that for all multi-indices 
m > niQ there exists an m-primitive of f , G with G^"*^ = f , that is a 
continuous function in a neighborhood of Xq and satisfies 

(x X )"^ / \ 

(2.2) G (x) = — V + o ( |x — Xol'"*' ) , as X — )■ Xq. 

m! V / 

In the case of periodic distributions over the real line, it was shown in 
[18] that there is a characterization of the Fourier series at points where 
the distributional point value exists; indeed, if / G S'{R) has Fourier 
series X^-^-oo ^"6*"* ^0 G M, then /(xq) = (3, distributionally, if 
and only if there exists k such that 

lim V c„e^"^o = /3 {C,k), 

x^oo — ' 

—x<.n<.ax 

for each a > 0, where (C, k) means in the Cesaro sense. Remarkably, 
an analog result is true for Fourier transforms of arbitrary tempered 
distributions [90] . 
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Example 2.4. Moment asymptotic expansions. Let f G £^'(M",£'), 
a compactly supported i?-valued distribution. Then f satisfies the 
Estrada-Kanwal moment asymptotic expansion [22| 



(2.3) f(At)~ 5^ A_^5M(i)^^(f) as A^oo in5'(M",E), 

\m\=0 

where /im(f) = (f(^))'f™) ^ are the moments of f, in the sense that 
if G then, for each N eN, 

(f (At), v.(t)) = y: £rx]^S^/^-(f) + ^ ( - ^ ^ 

Consequently, this shows that the weak-asymptotics of distributions is 
not a local notion at infinity; in contrast with the case at finite points 
where the notion is actually local (cf. Subsection 18.71 where this well 
known [OU 1105] fact is reproved) . The moment asymptotic expansion is 
valid in many other important distribution spaces [21]. Distributions 
having an expansion of the type (12. 3p are said to be distrihutionally 
small at infinity, we shall provide a wavelet characterization of such 
distributions in Subsection 18.41 We refer to [21] for the numerous and 
interesting applications of the moment asymptotic expansions. 

Example 2.5. Let / G 5'(R) satisfy the moment asymptotic expan- 
sion at infinity. Denote by H the Heaviside function, i.e., the character- 
istic function of (0, oo). Then, it is easy to verify that the distributions 

g±it) = |tr f{it - x^)-^)H{±{t - xo)), t ^ xo, /3 > 0, 7 e M, 

admit unique extensions to the whole M so that they are supported in 
(— oo,a;o] and [xo,cxd), respectively, and they have weak scaling expo- 
nent equal to oo at the point Xq. For instance, consider the Riemann 
"non-differentiable function" 

n=l 

Jaffard and Meyer showed [491 Thm 7.1] that it has a trigonometric 
chirp at each rational point of the form r = {2v + 1)/ (2j + 1), z/, j G Z; 
this gives in particular that in a neighborhood of any such a point w 
can be written as 

w{t + t) = \t\i {U {t-') Hit) + {t-') H{-t)) + G{t), 

where G G C°°(M) and f± are distributionally small at infinity [211 p. 
146]. Thus, we conclude that w has pointwise weak scaling exponent 
equal to oo at those rational points. It can be also shown that the 
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pointwise scaling Holder exponents at those points is equal to 3/2. 
Therefore, w has oscillating singularities at the points r = (2i^+l) / (2j+ 

1), z/,jez. 

We shall analyze in Subsection 18.51 the pointwise properties of the 
family of Riemann type distributions 



^2/3 

71=1 

and obtain their complete pointwise weak-asymptotic expansion at ev- 
ery rational point. 

Example 2.6. Distributional jump behavior. An useful extension of 
the notion of Lojasiewicz point values is that of pointwise jump behav- 
ior of distributions [251 Ell EI] . Let / G 5'(M). Recall H denotes the 
Heaviside function. We say / has distributional jump behavior at xq if 

(2.4) f{xo + et) = /3^H{-t) + (3+H{t) + o{l) as e ^ 0+ in I?'(M). 

for constants j3± := /(x^), its distributional lateral point values. Nat- 
urally, this notion can be considered for E'-valued distributions as well. 

Suppose that / is either a periodic distribution or an element of 
L^'(M), p G (l,oo). Under this assumption we can speak about its 
Hilbert transform, i.e., the distribution 

„~ 1 1 „ 
/ = -P-v.- * /. 

TT t 

It can be shown [91] that (12. 4p implies the following weak-asymptotic 
behavior for the Hilbert transform 

(2.5) />o + et) ~ --[/].=.o log(l/£) as £ ^ 0+ in S'{R), 

TT 

where [/]x=a;o = /3+ — the pointwise jump of / at xq. If / is periodic 
with Fourier series 

oo 

f{t) = + ^ («n cosnt + bn sinnt) , 



n=0 



then the weak-asymptotic behavior (12.51) can be used to extend Zyg- 
mund |106] and Moricz [62] versions of the classical Lukacs theorem, 
that is, we can recover the jump from the Abel-Poisson means of the 
conjugate series [91], 

1 ~ 1 
(2.6) lim - — (a„ sin nxo - 6„ cos uxq) r" = - [f]x=xo 

r->l- log( 1 — r) TT 

71=1 
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When / G L^(]R), 1 < p < oo, the jump can be determined by its 
conjugate Poisson integral, 

yZo+ logy {xo -ty + 

Observe that we may single out a canonical Hilbert transform even in 
less restrictive situations, for example as in [23], and an appropriate 
version of (12.61) and (12 .7^ still holds in those cases. 



(2-7) lim — - / V , , ^ , fmt = [fl=.o ■ 
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3. Wavelet and Non- Wavelet Transforms of E- valued 

Distributions 

We shall present in Subsection 13.11 some basic properties of wavelet 
and non-wavelet transforms of -E-valued tempered distributions. We 
then discuss examples in Subsection 13.21 Section [3^ deals with wavelet 
analysis on the space 5q(M", E). For test functions we set (p{-) = {p{— ■) 
and ^Py{-) = y~'^(p{- /y). The moments of are denoted by 

3.1. Regularizing Transforms. Let f G S'{'R"',E). We set, as in the 
introduction, 

(3.1) Mj(x, y) := (f * <^,)(x) G E, {x, y) G e"+\ 

the regularizing transform of f with respect to the test function ip G 
S{W). Notice that G C°^{W+^,E). 

We shall distinguish two cases of the regularizing transform. 

If /io(v') 7^ 0, we say that fl3.ip is a non-wavelet type transform. 
Furthermore, let G 5(]R") be such that /io(0) = /jgn (t>{t)dt = 1. The 
(j)— transform of f is 

(3.2) F^i{x, y) := MI{x, y) = (f (x + yt), 0(t)) G E, (x, y) G 

It should be observed that the 0— transform essentially encloses all 
non-wavelet cases of (13.11) after a normalization. The terminology of 
0-transforms is from ESI El E3] • 

The second case of fl3.ip is when /Uo(v?) = 0, namely, the wavelet 
one. Let ip G 5(]R") satisfy yUo('0) = /jjn '>p{t)dt = 0, we then call ip a 
wavelet. The wavelet transform of f with respect to ip is defined by 

(3.3) W^i{x,y):=Mi{x,y) = {i{x + yt),m)eE, (x,y)GH"+\ 

In the subsequent sections we shall restrict our attention to those 
wavelets which posses nice reconstruction properties (cf. Subsection 
E31 below). 

Definition 3.1. We say that the test function ip G iS(M") is non- 
degenerate if for any u G the function of one variable Ru]{r) = 
0{ru) G C°°[0, oo) is not identically zero, that is, 

supp Ru; ^ 0, for each tu G S"^"*^. 

We say that ip G iS(R"') is a non- degenerate wavelet if it is a non- 
degenerate test function and additionally /io('0) = 0. 
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Obviously, test functions for which fio{(f) 7^ are always non-degenerate. 
We will discuss particular important cases of non-degenerate wavelets 
in Example 13.81 

There is a remarkable difference between the wavelet and non- wavelet 
transforms. Indeed, the following proposition shows such a difference. 
We give a quick proof of it by using Lojasiewicz point values (cf. Ex- 
ample [2l3]); the argument is essentially the same as in [92] . 

Proposition 3.2. Let f G S'{W,E) and let if G S{W), then 

(3.4) hm Mj(-,|/) = fioW, m 5'(M",E). 

Proof. Since 5(M'^) is a Montel space [S3], the Banach-Steinhaus theo- 
rem implies that it is enough to show the convergence of (13.41) for the 
topology of pointwise convergence [83]. Let p G iS(]R"), we have 

{Ml (x, y),p{x)) = (h {yt) , (t)) , < y < 1, 

where 

h(M) = (f (x),p(a; + M)), ugM", 

is a smooth ii^- valued function of slow growth. The Lojasewicz point 
value h (0) exists and equals the ordinary value and thus 



lim (h {yt) , it)) = h (0) / ^(t)dt = /io(<^) (f {x) , p (x)) , 

as required. □ 

Proposition 13. 21 therefore tells us that in the non-wavelet case we can 
always recover f as the distributional boundary values of its regularizing 
transform, while this is not any longer true for the wavelet transform. 

Since for the 0— transform 

hm F<^/(-,y) = /, in5'(M^), 

J/-5>0+ 

the Hahn-Banach theorem implies the ensuing important corollary. 

Corollary 3.3. Let G iS(]R") and let a > 0. Then, the linear span 
of the set of the dilates (at scale less than a) and translates of (p, that 
is, 

{^((■-a;)/y):(x,y)GM"x(0,a)}, 
is dense in iS(]R") if and only if po{p) 7^ 0. 

A property shared by the wavelet and non-wavelet transforms is 
the following one: They map continuously tempered distributions to 
smooth functions of slow growth on H""'"^. 
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Proposition 3.4. Let f G 5'(M",E) and let ip G S{W). Then, G 
C°°{W^^^,E) is a function of slow growth on H"+-'^. In addition, the 
linear map 

f G S'{W, E)^Mle S'{ir+\ E) 

is continuous for the topologies of uniform convergence over hounded 
sets. Furthermore, z/ C S'{W^,E) is hounded for the topology of 
pointwise convergence, then there exist k, I and C > such that 



(3.5) 



1 



\Ml{x,y)\\<C(- + y] (l + \x\y , foralHe^. 



Proof. Since iS'(M", E) is the inductive limit of a strictly increasing 
sequence of Banach spaces [831 EZj, it is bornological. Therefore, we 
should show that this map takes bounded sets to bounded ones. Let 
23 C iS'(M",£') be a bounded set. The Banach- Steinhaus theorem 
implies that 53 is bounded for the topology of bounded convergence if 
and only if it is bounded for the topology of pointwise convergence; it 
is also an equicontinuous set, from where we obtain the existence of 
heN and Ci > such that for all p G 5(M") and f G ^, 



<Ci sup + Ip^'"^^)! 

teIR",|m|<A:i 



Consequently, 



\M'Jx,y)\ 



yr, 



X — t 



y 



-, ^ n+fci 

<Ci{- + y 

-, \ n+2fci 



sup {1 + \x\ + y \u\r {ip^"") {u)\ 
+ for all fG 03, 



where 



C = Ci sup (l + l^l)''^ |v9(")(u) 

«eK",|m|<A:i 



So, we obtain ([33]) with k = n + 2ki and I = h. If C C 5(H"+i) is a 
bounded set of test functions, we have 



[Ml{x,y),^x,y))\ 



< C 



Mj(a;,y)<l>(x,y)^ 

y 



l + y) (i + Ny|$(x,y)|^, 
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which stays bounded as f G ^ and $ G Therefore, the set 

{Mj : f G ^} C S'{Er+\E) 
is bounded; hence the map is continuous. □ 

The regularizing transforms enjoy excellent localization properties 
as shown by the following simple proposition. This holds for both the 
wavelet and no n- wavelet cases. 

Proposition 3.5. Let f G S'(W',E) and let Lp G >S(M"). Suppose that 
C M" \ supp i is a compact set. Then, for any positive integer A; G N 
there exists C = Ck such that 

(3.6) sup ||M-^(x,t/)|| < C/, for alio <y<l. 

Proof. Define the C(-ft', -E')-valued tempered distribution whose evalu- 
ation at p G iS(M") is given by 

(G(t),p(t))(0 = (f*p)(0, 

Clearly, G G S'{Wl, C{K^,E)). Then, since K supp f , we have 

that for each p G V{W), 

(G(£t),p(t)) =0, 

for sufficiently small £ > 0. In particular, we obtain that, for a fixed 

ken, 

(3.7) G{et) = 0(£^) as e ^ 0+ in P'(M[^, C{K, E)). 

Now, it is well know that the weak-asymptotic boundedness (13. 7p re- 
mains valid in the space S'{W^,C{K, E)). This fact is shown in 
1105] , but actually, we shall give a new proof in Corollary 18.321 of Sub- 
section 18.71 Thus, we have the right to evaluate the relation fl3.7p at 
if G iS(M"), which immediately yields 

sup||Mj(x,i/)|| = \\{Giyt),ipm\ 
<Cy\ 

for some C > 0, as claimed. □ 

3.2. Examples of Regularizing Transforms. Let us discuss some 
examples of regularizing transforms. We shall return to these exam- 
ples in Section [8] where we will provide applications of the Tauberian 
theorems from Section [6] and Section [71 

Our first example is one-dimensional and shows how the 0— transform 
is related to summability of numerical series. 
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Example 3.6. The (p— transform and summahility of series. Let {c„}^q 
be a sequence of complex numbers and let p G i5(M) with p(0) = 1. We 
say that the (possible divergent) series Yl^=o is (p) summable to {3 
if 

oo 

(3.8) Cnp{yn) converges for all > 0, 

n=0 

and 

oo 

(3.9) lim c„p(?/n) = /3. 

71=0 

One readily verifies that this summability method is regular ^31j|, in 
the sense that it sums convergent series to their actual values of con- 
vergence. Furthermore, different choices of the kernel p lead to many 
familiar methods of summability. For example, if p{u) = e~" for u > 0, 
one then recovers the well known Abel method [311 [55|, in such 
one writes for Abel summable series 



n=0 



Another instance is provided by p{u) = u/(e" — 1), m > 0, the kernel of 
Lambert summability which is so important in number theory [5 ^1103] . 

Assume further that {c„}^q is of slow growth, i.e., there is /c e N 
such that c„ = O (n^). Obviously, (13.81) is always fulfilled under this 
assumption. Define f(t) = X]-^o ^ periodic distribution over 
the real line. Moreover, set = (1/27?)/); thus, the 0— transform of / 
is precisely 

^ oo 

F<pf{x,y) = - {e'^^f{u),p{yu)) = Y,Cne"y{yn). 



27r 

n=0 

Consequently, (13. 9 p becomes equivalent to a statement on the (radial) 
boundary behavior of the 0— transform at the origin, namely, 

lim F^/(0,y) = /3. 

We shall use in Subsection 18.61 these ideas to produce a new proof of 
Littlewood's Tauberian theorem for power series (Example I8.29p . 

Example 3.7. Embedding of distributions into generalized function 
algebras. The second important example of 0— transforms points out 
its relation with the theory of algebras of generalized functions [6l [65] . 
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If G iS(M") is a mollifier with all higher order vanishing moments, 
i.e., a test function such that 



then, for scalar distributions, the 0— transform is nothing but the stan- 
dard embedding of / G iS'(R") into the special Colombeau algebra 
Q{M."-) of generalized functions (cf. Subsection 18.31) . namely, the net 



which determines the class [/e] G ^(M"). Likewise, the 0— transform 
also induces the embedding of / G iS'(]R") into the algebra Qt-{MJ^) of 
tempered generalized functions P, ES] • We will use this interpretation 
of the 0— transform in Subsection 18.31 to give applications to regularity 
theory within the framework of algebras of generalized functions. 

We now give examples of non-degenerate wavelets. 

Example 3.8. Drozhzhinov-Zavialov wavelets. We say that a polyno- 
mial P is non-degenerate (at the origin) if for each u G S"^^ one has 
that 

P{ru) ^0, re M+. 
Drozhzhinov and Zavialov have considered the class of wavelets ip G 
iS(M"), /io('0) = 0, for which there exists G N such that 



the Taylor polynomial of order at the origin, is non-degenerate; these 
wavelets were used in [10] to obtain Tauberian theorems for distribu- 
tions. It should be noticed that this type of wavelets are included 
in Definition 13. Ij naturally. Definition 13.11 gives much more wavelets. 
For instance, any non-degenerate wavelet from iSo(M") obviously fails 
to be of this kind. An explicit example of a non-degenerate wavelet 
ip G iSo(M") is given in the Fourier side by 

^(u) = e-l"l-(VI«l)^ u G M". 
Furthermore, if ipi G 5(M") satisfies 

^i(m) = e~l"l-(^/l"l) + ul, for \u\ < 1, 

where u = {ui,U2, ■ ■ ■ , Un), then ipi G iS(]R")\iSo(M") is a non-degenerate 
wavelet but all its Taylor polynomials vanish on the axis ui = 0. 

Let G iS(]R") be a mollifier that satisfies fl3.10p (cf. Example 
13.71) and let P be a non-degenerate polynomial of degree k, then ip = 
P{—id / dt)(f) is a wavelet of the type considered by Drozhzhinov and 



(3.10) 



/io(0) = 1 and /im.(0) = 0, for all \m\ > 1, 



n 




\m\<N 
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Zavialov; indeed, T^{u) = P{u). Wavelets of the form ip = A'^(j) were 



used in [ID] to study Holder-Zygmund regularity in algebras of gener- 
alized functions. 

Example 3.9. The (p— transform as solution to Cauchy problems. When 
the test function is of certain special form, the 0— transform can become 
the solution to a PDE. We discuss a particular case in this example. 
Let the set F C R" be a closed convex cone with vertex at the origin. In 
particular, we may have F = M". Let P be a homogeneous polynomial 
of degree d such that 

3fJe P{tu) < for all M G F \ {0} . 

We denote |97l EH] by C iS'(]R") the subspace of distributions sup- 
ported by F. 

Consider the Cauchy problem 

(3.11) ^[/(x,t) = p(^^^f/(x,t), \imUix,t)=f{x) in5'(M^), 

supp/CF, (x,t)GH"+\ 
within the class of functions of slow growth over H""*"^, that is. 



(a;,t)GH"+i 



1 



t 



-fcl 



sup \U{x,t)\ (t + - ] (1 + < oo, for some fcl, A;2 G M. 



One readily verifies that (13. lip has a unique solution. Indeed, 

Ui^^t) = (/(n),e»V^(-)) = ^ (/(«),e-e^KS) 

is the sought solution. We can find [98| a test function rj G 5(]R") with 
the property 

r^{u) = e^(™), M G F. 

Setting (j) = (27r)~"'57, we express U clS db transform, 
(3.12) 

U{x, t) = (^fiO, ^0 ) = F^fix, y), with y = t'l'. 

If c? = 2A; is a positive even integer and P(^) = (—1)^^^ l^l"^, then 
we may take F = M", the differential operator becomes P{d/dx) = 
(—1)^~'^A'^, and (p is the Fourier inverse transform of r]{u) = e"'"' . 
In particular, when d = 2, (I3.1ip is the Cauchy problem for the heat 
equation and 4>{^) = {2y/7i)~'^e~^'^^. 

We will study in Subsection 18.21 sufficient conditions for the asymp- 
totic stabilization in time of the solution U to (13. lip . 
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Example 3.10. Laplace transforms as (f)— transforms. Let F be a 
closed convex acute cone [23 EB] with vertex at the origin. Its con- 
jugate cone is denoted by T*. The definition of an acute cone tells us 
that r* has non-empty interior, set 

Cr = int r* and T^^ = + ic^. 

We denote by S[^{E) the subspace of valued tempered distributions 
supported by T. Given h G S^{E), its Laplace transform p7j is 

£{h;z} = (h(n),e^^">, ^ G T^- 

it is a holomorphic -E- valued function on the tube domain T'^^. Fix u G 
Cr- We may write C {h; x + iau}, x G M", a > 0, as a 0— transform. 
In fact, choose rj^ G 5(]R") such that 

vM = e--", uer. 

Then, with 0^ = (27r)-"r)^ and f = (27r)"h, 

(3.13) £ {h; X + icrw} = F^^f (x, cr). 

Notice that this is a particular case of Example 13 . 9 1 with Puj{C,) = ioo ■ ^. 

3.3. Wavelet Analysis on iSq(M"',£'). In this subsection we indicate 
how to extend the scalar distribution wavelet analysis given in [35] to 
i?-valued generalized functions. We complement the theory with some 
new results. 

Although Proposition 13.21 makes impossible to recover an i?- valued 
tempered distribution as the boundary value of its wavelet transform, 
the non-degenerate wavelets from iSo(M") enjoy excellent reconstruction 
properties as long as we are interested in the projection of the tempered 
distribution onto Sq{M."-,E). Observe that if the wavelet belongs to 
iSo(]R"), the wavelet transform with respect to this wavelet is continuous 
S'{W^,E) I-)- iS'(H["+^, E), as can be inferred from Proposition 13. 4j 
however it is not injective, since it maps every i?-valued polynomial 
to 0, as follows from the moment vanishing properties of the wavelet. 
This fact makes necessary to work on iSo(M", E) if one wishes to have 
reconstruction of distributions from their wavelet transforms. 

Let G 5o(M"). We have that [35i Thm 19.0.1] : 5o(M") ^ 
5(EI"'^^) is a continuous linear map. We are interested in those wavelets 
for which admits a left inverse. For wavelet-based reconstruction, 
we shall use the wavelet synthesis operator |35]. Given $ G 5(HI"+^), 
we define the wavelet synthesis operator with respect to the wavelet ip 
as 

(3.14) M,m = r [ Hx, y)\^ (^-^) ^ , t G M^ 

Jo \ y J y 
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One can show that : 5(H"+i) Sq{W) is continuous [33 P- 74]. 

We shall say that the wavelet ip G 5o(M") admits a reconstruction 
wavelet if there exists rj G iSo(M'^) such that 

r°°— dr 

(3.15) c^,v{^)= ^{rio)fi{rio)— , u; G 

Jo ^ 

is independent of the direction oj; in such a case we set c^^rj '■= c^,r]{,<^)- 
The wavelet rj is called a reconstruction wavelet for ip. 

It is easy to find explicit examples of wavelets admitting reconstruc- 
tion wavelets; in fact, any non-trivial rotation invariant element of 
iSo(M") is itself its own reconstruction wavelet. 

If ip is admits the reconstruction wavelet 77, one has the reconstruc- 
tion formula [35J for the wavelet transform on 5o(M'^) 

(3.16) Id5o(R") = — -M„Wv,. 

We now characterize those wavelets which have a reconstruction 
wavelet. Actually, the class of non-degenerate wavelets from iSo(M") 
(cf. Definition 13. ip coincides with the class of wavelets admitting re- 
construction wavelets. 

Proposition 3.11. Let ip G iSo(M"). Then, ip admits a reconstruction 
wavelet if and only if it is non-degenerate. 

Proof. The necessity is clear, for if ■ip{rwQ) identically vanishes in the 
direction of Wq G S""^, then c^,,(wo) = (cf. fl3.15p ) for any rj G 
5o(M"). 

Suppose now that ip is non-degenerate, we will construct a recon- 
struction wavelet for it. As in fl3.15p . we write 




Set 



ibirw^ 



obviously, if we prove that ^(1^1 , m/ 1^1) G iS(]R") and all its partial 
derivatives vanish at the origin, then 77 given by fj{u) = g{\u\ ,u/ \u\) 
will be a reconstruction wavelet for ip; actually, c^,,, = 1. By the char- 
acterization theorem of test functions from iS(]R"') in polar coordinates 
pT| Prop. 1.1], the fact 17 G 5(]R") is a consequence of the relations 
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dr 



0, A; = 0,1, 



r=0 

the same relations show that all partial derivatives of fj vanish at the 
origin, and hence t] G 5o(M'^). □ 

In [3S], f!3.16p was extended to iSq(]R") via duality arguments, the 
main step being the formula 

W^fix,yMx,y)^ = {fit),M^^ (t)> , 

vahd for $ G 5(H"+i) and / G S'q{W). It can be easily extended to 
the ii^-valued the next proposition shows. 

Proposition 3.12. Let f G 5o(R",^) and G 5o(M"). Then 
(3.17) r [ W^iix,yMx,y)^ = (f(t),A^^$ (t)> , 

Jo Jr" y 

for all $ G 5(e"+i). 

Proof. The same argument used in Proposition 13.41 shows that 

is continuous. The linear map T : iSo(M'^, E) i— ?► S'{M^~^^, E) given by 

{{Tf){x,y),^x,y)) = {m,M^<i> (t)> , 

is continuous as well. Thus, if we show that and T coincide on a 
dense subset of 5o(M", E), we would have fl3.17p . The nuclearity [83] of 
Sl^iR"") implies that 5^(M")(g)E C 5^(M", E) is dense; thus, it is enough 
to verify (l3Tfll for f = /v, where / G 5^(M'') and v G Now, the 
scalar case implies 

{W4fW){x,y),<l>{x,y)) = {W^f{x,y),^x,y))^r 

= {fit),M^^it))v 

= {f{t)^r,M^^ (t)>, 

as required. □ 

We now extend the definition of the wavelet synthesis operator (13.141) 
to S;^{W+\ E). Let K G S'q{W+\ E). We define : 5^(H"+i, E) ^ 
iSo(M"',-E), a continuous linear map, as 

{M^-K{t),p{t)) = (K(a;, y), W^p(x, y)) , p G 5o(M"). 

So, we have the ensuing reconstruction formula for the wavelet trans- 
form. 
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Proposition 3.13. Let ip G 5o(M") he non- degenerate and let r] G 
iSo(M") be a reconstruction wavelet for it. Then, 

(3.18) Id5,',(R",s) = —M^W^. 

Furthermore, we have the desingularization formula, 

dxdy 



oo 



(3.19) (f(t),p(t)) = / / W^{{x,y)W^p{x,y) 

Cip,ri Jo JR" y 

for all f e S'q{W, E) and p G 5o(M"). 

Proof. We apply the definition of A^^, Proposition 13. 12^ f l3.16p . and 
use the fact that c^^^ = ,0, 



Cxi)^n Cip,ri Jo Jr" y 

1 



{■W^i{x,y),W^p{x,y)) 



f , —M^Wf^p 

so both (I3.18P and ( 13.19^ have been estabhshed. □ 

The next result provides a second characterization of non-degenerate 
wavelets from i5o(M"). 

Corollary 3.14. Let G 5o(]R"'). Then, the linear span of the set of 
dilates and translates ofip, {V^(( • — x)/y) : {x,y) G IHI"^-'^}, is dense in 
5o(M") if and only if ip is a non- degenerate wavelet. 

Proof. The direct implication is a consequence of the Hahn-Banach 
theorem and the inversion formula (Proposition I3.13|) . On the other 
hand, suppose that there is coq G S"""^ such that ip{ruo) = for all 
r G Let / G iS'(]R"') be the distribution whose Fourier transform is 
given by 

POO 

{f,p) = / piruJo)dr, 



then yV^f{x,y) = 0, for all {x,y) G H["+^, which implies that / iden- 
tically vanishes on the closure of the linear span of the dilates and 
translates of ip. This yields the converse. □ 
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In analogy to [35, Thm. 28.0.1], we can characterize the bounded 
sets of SqIW^jE). One can also characterize some types of convergent 
nets. The next propositions will be very important for the subsequent 
sections. 

Proposition 3.15. Let if) G 5o(M"') he a non- degenerate wavelet. A 
necessary and sufficient condition for a set 23 C iSg(]R", E) to he hounded 
for the topology of pointwise convergence (or hounded convergence) of 
iSo(M", E) is the existence of k,l eN and C > such that 

(3.20) \\W^f{x,y)\\<c(^^ + y^ (1 + k|)^ for allied. 

Proof. The necessity can be established as in the proof of Proposition 
13. 4[ For the sufficiency, we only need to show the boundedness of !B 
for the topology of pointwise convergence [83j; in view of the Banach- 
Steinhaus theorem. Let be a reconstruction wavelet for ip. Let p G 
iSo(M"), by the wavelet desigularization formula (cf. Proposition 13. 13( ) 
and dSSHD, 

ll(f,P)ll<— r / (- + y)\l + \x\y\W,p{x,y)\^, 

C^,ri Jo JM" W J y 

and the last quantity is uniformly bounded for f G ® since Wr^p G 
iS(EI""'"-'^). This completes the proof. □ 

Proposition 3.16. Let ip G 50(1^") be a non- degenerate wavelet. Nec- 
essary and sufficient conditions for the net {fA}AGR+ ^e convergent 
(X ^ oo), for the topology of pointwise convergence (or hounded con- 
vergence) o/ 5q(]R", i?), are the existence of the limits (with respect to 
the norm of E) 

(3.21) lim W^ix{x, y), for each {x, y) G H"+\ 

A— ^oo 

and the existence of k,l and C, Xq > such that 

(3.22) \\W^i^{x,y)\\<C (^^ + y^ (1 + |x|)^ for all Xo < X. 

In such a case, the limit generalized function h = lim^^oo fA satisfies 
yV^h{x,y) = lim W^ixix,y), 

A— >oo 

uniformly over compact suhsets ofW^^^. 

Proof. By Proposition 13.151 fl3.22p is itself equivalent to the bounded- 
ness of {fA} for large values of A, which in turn is equivalent to the 
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equicontinuity of the set for large values of A (Banach-Steinhaus the- 
orem). Because of the standard result [S31 P- 356], the convergence 
of {fA}AgiR+ is then equivalent to the pointwise convergence of the net 
of linear mappings over a dense subset of »So(M"). But (13.211) gives 
precisely this convergence over the linear span of 

{^((■-a;)/y):(x,y)eH"+i}, 

which is actually dense (Corollary 13.141) . The last property follows 
by the definition of convergence in iSq(M'^,-E), since if K G W^^^ 
is a compact set, then {y~""ip{{ ■ —x)/y) : {x,y) G is compact in 
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4. Abelian Results 



We present in this section an Abelian proposition for the transform 
M^. Its Tauberian counterparts will be the main subject of the next 
two sections. This Abelian result is essentially due to Drozhzhinov and 
Zavialov [9l [10] (cf. [931 IHS]), but we refine their results by adding 
some information about uniformity in the asymptotics. Let Xq G 
and < < 71/2, we denote by Cxq,^ the cone of angle in M^'^'^ with 
vertex at xq, namely, 

C^o.tf = {{x,y) G H"+^ : |x - xol < {tani^)y} = (xq, 0) + Cq,^. 

Proposition 4.1. Let L be slowly varying at the origin (resp. at in- 
finity) and let f G S'{W\E). 

(i) Assume that f is weak- asymptotically hounded of degree a at 
the point xq (resp. at infinity) with respect to L in S'(M."',E). 
Then, there exist k,l E N, C > and Eq > (resp. Xq > 0) 
such that for all {x, y) G EI"+^ 

(4.1) 



\Ml{x, + ex,ey)\\<Ce'^L{e) Q + 1/) 



;i + |x|)', 0<e<eo, 



resp. ||M;(Ax,Ay)|| <CA"L(A) + (1 + , Aq < A 

(ii) IffE 5'(]R", E) has the weak- asymptotic behavior f {xq + et) ~ 
£"L(e)g(t) as £ 0+ (resp. f (At) ~ A°L(A)g(t) as A ^ oo^ 
m S'{W,E), andifO<^< tt/2, then 



(4.2) lim \{x,y)\- 

(x,y)^(0,0) 
(a;,y)GCo,^ 



L{\{x,y)\) 



resp. lim |(x,?/)| 

\{x,y)\^oo 
(a;,j/)eCo,tf 



L{\{x,y)\) 



M'(xo + x,y)-M^{x,y) 



Mi{x,y)-M^{x,y) 







(4.3) 



in particular, for each fixed {x, y) G H""*"^, 
1 



lim ^ , , 



MUxo + ex,ey) = M^{x,y) mE 



resp. lim 



A^oo A"L (A) 



Ml{\x,\y) = M^{x,y) 
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Proof. The estimate (14.11) from Part (i) follows immediately from Propo- 
sition 13.41 by considering the bounded set 

^ -i{xo + e-):0<e<l\ (resp. | / f (A ■ ) : 1 < A 



For (ii), we may assume that xq = 0. Next, observe that {x,y) G Cq,^ 
can be written as x = and y = rcosO, where r > 0, ^ G M", 
= sin^ and < ^ < ^9. So, 

K, r cos 9) = /f (rt), -^--^ ~ * 



(cos6')" \cos6' 

Since 

1 



cost' \ cost^ / 

is a compact set in iS(M"'), the Banach-Steinhaus theorem implies that 
the weak-asymptotic behavior of f holds uniformly when evaluated at 
test functions of £. Then, as r ^ 0"*" (resp. r — )■ oo), 

-MUr^.rcose) ^ /g(t),-^^ (^_^\\ = M|(e,cos^), 



r"L(r) ^' ' " (cosO)"^ \cose ^ , 

uniformly in |,^| = sin 6' and < 6 < i). Thus, we have shown (14. 2p . 
On the other hand, if again x = and y = r cos 6, where r, ^ and 6 
are fixed, we have that, as /i — > O'^ (resp. h — )■ oo). 



(cos^)" \cos6' 
~/i"L(/i)M^(x,i/), inE, 

because of the homogeneity of g and the fact that L is slowly varying. 
Hence, (14. 3 p has been proved. □ 
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5. Wavelet Tauberian Characterization of 
Weak-asymptotics in Sq{W^,E) 

The purpose of this section is to characterize the weak-asymptotic 
behavior in the space Sq{W^,E) in terms of the asymptotic behavior 
of the wavelet transform with respect to non-degenerate wavelets from 
iSo(M"). Our characterization is of Tauberian character and it is related 
to (14. ip and (14.31) for the wavelet transform. Notice that the results 
below extend those from [HS]. Related results in terms of orthogonal 
wavelet expansions have been considered in [701 E^. 

We begin with a preliminary proposition which shows that the con- 
ditions (14. II) and (14. 3 p are equivalent to (apparently) weaker ones. 

Proposition 5.1. Let f G S'{W,E), if G >S(M"), and let L be slowly 
varying at the origin (resp. at infinity). Then, 

(i) The estimate ( [y/.i| ) is equivalent to one of the form (k may be 
a different exponent) 

(5.1) limsup sup -— — ^ ||M^ (xo + ex, 52/)|| < oo 



resp. limsup sup \aT (w \\^l> ('^■^' -^2/) || < oo ) . 



(ii) If 

(5.2) lim -^r^M'{xo + ex, ey) = M,,^ G E 



resp 

A 

exists for each {x, y) G H"^-'^ fl S", then it exists for all {x, y) G 

Proof. By translating, we may assume that xq = 0. 

Part (i). We only need to show that (15. ip implies (14. ip . Our as- 
sumption is that there are constants Ci, /iq > such that 



\Ml{hi,hcos^\ < -\^h'^L{h), 
' ^ " (cosw)'' 



for all 1^1^ + {cos^f = 1 and < /i < /iq (resp. Hq < h). 
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We can assume that 1 + |a| < A; and Hq < 1 (resp. 1 < Hq). Potter's 
estimate [3], p. 25] implies that we may assume that 

(5.3) ^^<:C2^1±l)l^ foTh,hre{0,ho] 
L[h) r 

(resp. hr G [ho, oo) ). 

In addition, since 1/L{h) = o{h^^) as /i — )■ 0+ (resp. 1/ L{h) = o{h), as 
h —7- oo) [31 [7n], we can assume 

1 C / 1 

(5.4) < for < /i < /lo (resp. < C^h, for ho<h 

After this preparation, we are ready to give the proof. For (x, y) G EI"+^ 
write X = and y = rcos-i?, with r = |(x, t/)|. We always keep h < ho 
(resp. ho <h). If rh < ho (resp. ho < rh), we have that 

\\Ml{hr^,hr cos ^)\\ < -^h'' LQiry^^ < CiC2h''L{h)^—-^^ 

<C,h^L{h) (- + y\ (i + |a;|)"+'=+\ 

with C4 = 2°'~^^~^^CiC2. We now analyze the case ho < hr (resp. 
hr < ho). Proposition 13.41 implies the existence of G N, ki > k, 
and C5 such that 

fci 



\M'^{hx,hy)\\<C,(^-^ + hy^ {l + h\x\y 



<C,h"L{h)[- + y] '(l + |a;|)'^ 



y y ' ' " h''+^^L{h) 
resp. < C^h^'Lih) (^^ + y^ (1 + |x|) 



-, \ ki / \ fci+a+l 

< C3C5/l"L(/l) ( - + (l+|x|)'^ 

/I \ fcl 



h'^L{h) 

(r \ 



k\ / t. \ ki+h—a+l 

tin 



resp. <CsC,h^Lih)(^^ + y^ (1 + (^1^ 

a+2A;i+l 

a+h+ki+l 



<c^h^L{h) y- + yj (i + l^^l) 

resp. <C,h''L{h)[- + y\ (1 + |x|)'M , 
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with Cg = C3C5(2//io)"+''^+^ (resp. = CgCs/io'^''""^^)- Therefore, 
if C = max {C4, Cq}, k2 > \a\ + 2ki + li + 1 and I2 > a + li + ki + 1, 

k2 



\Ml {hx, Mil < Ch^m Q + 2/^ (1 + \x\ 



for all {x, y) G EI"+^ and < h < ho (resp. Hq < h). 

Part (a). Fix {x,y) G W^~^^ and write it as {x,y) = {rC,,r cos-t}), 
where {C,,cos'&) G EI"+^ fl Then, as /i — t- 0+ (resp. /i — )■ 00), we 
have 

^Mj(/.re,/.rcos^) = ^--^) 

— > 1 ■ r"Mg,cos,? , in 

□ 

We now state the Tauberian characterization of weak-asymptotics in 
the space Sq{W^,E). The simple proof of the following theorem is a 
consequence of our previous work. 

Theorem 5.2. Let ip G iSo(M") he a non- degenerate wavelet and let L 
he slowly varying at the origin (resp. at infinity). 

(i) A necessary and sufficient condition for f G S'{W^^E) to he 
weak- asymptotically hounded of degree a at the point xq (resp. 
at infinity) with respect to L in Sq{W^,E) is the existence of 
A; G N such that 

(5.5) limsup sup -— — — || W^f (xq + ex, < 00 

resp. limsup sup || W^f (Ax, Ay) || < 00 j . 

(ii) The existence of the limits 
(5.6) 

lim — ^W^f (xo + ex, ey) = ^ , for each (x, y) G H"+^ n 

and the estimate \5. 3) . for some G N, are necessary and 
sufficient for f to have weak- asymptotic hehavior of degree a at 
the point xq (resp. at infinity) with respect to L in the space 
S',{W,E). 
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Proof. The equivalence between the weak-asymptotic boundedness and 
the estimate flS.Sp follows at once on combining Proposition 15.11 with 
Proposition 13. 151 when considering the set (in Sq(W^,E)) 

while Part (ii) follows from Proposition 15.11 and Proposition 13.161 □ 

We will need the following proposition for future applications when 
studying Tauberian theorems for the non-wavelet case and wavelet 
transforms with respect to non-degenerate wavelets from iS(M'^)\5o(M"). 
It tells us the weak-asymptotic properties of the projection of a tem- 
pered distribution onto Sq(W^,E) when its transform has asymp- 
totics as in Proposition 15.11 

Proposition 5.3. Letip G 5(]R") be non-degenerate and let L be slowly 
varying at the origin (resp. at infinity). Suppose that f e S'(W"-,E). 

(i) // there exists k eN such that the estimate / (5. 1\) holds, then f is 
weak- asymptotically bounded of degree a at the point xq (resp. 
at infinity) with respect to L in the space SqIMJ^jE). 

(ii) // the limit ( 15. S\} exists for each {x,y) G M^~^^ fl S", and there 
is a k E N such that the estimate Ii5.1\) is satisfied, then f has 
weak- asymptotic behavior of degree a at the point xq (resp. at 
infinity) with respect to L in the space iSg(]R",i?). 

Proof. Translating f, we can assume that xq = 0. Consider the non- 
degenerate wavelet -ip G iSo(M") given by ^jJ{u) = e~l"l~(-'^/l"l\ Set -ipi = 
* ijj, then, ipi G 5o(M") is also a non-degenerate wavelet. Indeed, 

tpi = 'P'lp and its partial derivatives of any order vanish at the origin. 
First notice that W^^f is given by 

W^J{x,y) = {fix + yt),if*^{t)) 

= (i{x + yt), / ^jj{u)(p{u — t)du 
\ Jr" 

= / 'ijj{u) {i{x + yt), (p{u — t)) du 
i'{u){i * fy){x + yu)du 

Ml{x + yu,y)^{u)du. 

Part (i). By Proposition 15. 11 (15. ip is equivalent to an estimate (14. ip 
{k may be a different number). Our strategy will be to show that 
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W^jf satisfies f l5.5p . and then the result would follow immediately from 
Theorem 15.21 Indeed, for all (x, y) G HI"+^ fl S", and < h < Eq (resp. 
Ao < h) we have the estimate 

\\M^(hx + hyu,hy)\\ < (1 + |x| + y 

V yk 

(5.7) <9lh-L{h){l + \u\)\ 

y 

with Ci = 2^^^C. Therefore, W^^f satisfies (15. 5p . namely, 
sup / \\Wi,J{hx, hy)\\ < C2h''L{h), 

\x\^+y'^ = l, y>0 

where C2 = Ci J^„il + \u\y \il>{u) \ du. 

Part (li). If the limit exists for each (x, y) e ]HI"+i n§''-\ then 
so does it for all {x,y) G EI"+^ The estimate (15. 7p allows us to use 
the dominated convergence theorem for Bochner integrals and conclude 
that, for each fixed (x, y) e n 

yV^f{hx,hy) = / 7 — -——M{hx + hyu,hy)'ip{u)du 



h^L{h) ^ ' h^L{hy 
as /i — 7- 0+ (resp. h — )■ 00). Thus, Theorem 15.21 yields the result. □ 
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6. Tauberian Theorems in 5'(]R", E) 

We will state and prove in this section Tauberian theorems for weak- 
asymptotics of tempered ii^-valued distributions. 

6.1. Associate Asymptotically Homogeneous and Homogeneously 
Bounded Functions. We need to introduce a class of functions which 
is of great importance in the study of asymptotic properties of distri- 
butions. They appear naturally in the statements and proofs of our 
Tauberian theorems. The terminology is from [85[ |86l [871 Ell El] (see 
also de Haan theory in p]). 

Definition 6.1. Let c : {0,A) E (resp. (A, oo) E), A > 0, be a 

continuous E-valued function and let L he slowly varying function at 
the origin (resp. at infinity). We say that: 

(i) c is associate asymptotically homogeneous of degree with re- 
spect to L if for some v E E 

c{ae) = c{e) + L{e) loga v + o{L{e)) as e ^ O"*", for each a > 

{resp. c(aA) = c(A) + L{X) loga v + o(L(A)) as A —t- oo ) . 

(ii) c is asymptotically homogeneously hounded of degree with re- 
spect to L if 

c{ae) = c{e) + 0{L{e)) as e 0"*", for each a > 



If c satisfies either condition (i) or (ii) of Definition 16. one can show 
as in Prop. 2.3] that given any cr > 

\\c{e)\\ = oie'") ase^O+ (resp. ||c(A)|| = o(A'') as A ->cx) ) . 

6.2. Tauberian Theorem for 0— transforms. The ensuing theorem 
characterizes weak-asymptotic boundedness in terms of the 0— transform, 

Theorem 6.2. Let (p E 5(M") he such that /io(0) = 1 o-nd let L he 
slowly varying at the origin (resp. at infinity). A necessary and suffi- 
cient condition for f G 5'(M",i?) to he weak- asymptotically hounded of 
degree a G M at the point xq G (resp. at infinity) with respect to L 
is the existence of k eN such that 



{resp. c(aA) = c(A) + 0(L(A)) as X ^ oo) . 



(6.1) 



lim sup sup 

e^0+ |a;|2+S/2=l, j/>0 




F^f [xo + ex,ey)\\ < oo 
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We shall present two different proofs of this theorem. The two meth- 
ods of proof are applicable to both the case of behavior at infinity and 
the one at finite points. We concentrate in showing the sufficiency be- 
cause the necessity follows at once from the Abelian result (Proposition 

El). 

First proof of Theorem \6.2[ We show the case of behavior at the point 
Xq in this first proof. We first need to prove the following claim: 

Claim 6.3. Given a set of distinct multi-indices {w^ij^^^, a point u = 
{ui, ■ ■ ■ ,Ug) G M'^, and an arbitrary positive number a, there exists a 
test function p in the linear span of ■ — x)/y) : {x,y) G EI"+^} 

such that 

\UI - fJ'miip)\ < / = 1, ■ ■ ■ ,«?• 

Proof of Claim \6.3[ The linear continuous map 

is clearly surjective, as can be verified directly or by using general 
results (e.g., Borel theorem or results from [151 ED])- Corollary 13.31 
implies that the image under T of the linear span of 

:(x,l/)GH'^+i} 

is dense in W^, from where we obtain the claimed approximation prop- 
erty. □ 

We now divide the proof of Theorem 16.21 into two cases. 
Case a ^N. 

Proposition 15.31 and Proposition A. 2 imply the existence of an E- 
valued polynomial 

P(t) = J2 t""^m 
\m\<d 

such that 

f (xo + et) = P{et) + O (£"L(£)) in 5'(R", E). 

We must show that P{et) = O {e°'L{e)). We may assume that d < a 
because: e'^~°' = 0{L{e)) whenever u > a [31 [79]. On the other hand, 
since L^e) = 0{s^'^), for any a > 0, we obtain that 

(6.2) f (xo + et) = P{6t) + O in S'{W\ E), 

where k is chosen so that < k, < a — d. Take p in the linear span 
of {y~"0(( ■ — x)/y) : {x,y) G EI"+^}, this test function is fixed by the 
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moment but its properties will be appropriately chosen later. The hy- 
pothesis fl6.ip implies that \\{f{xQ + et), p{t))\\ = 0{e'^^'^). Evaluation 
of (16. 2p at p and the last fact yield 

d 

u=0 \'m\=u 

which readily implies that, 

(6.3) ^ /im(p)wm = 0, for z/ = 0, 1, ■ ■ ■ 

\m\=u 

For a fixed index < z/ < c?, let g = be the number of multi-indices 
such that \m\ = u; moreover, index such multi-indices as {mi}'^^^. 
Given an arbitrary < a < 1 , we select p as in Claim 16.31 with u = 
ei G R'', the vector with 1 in the Ith component and zeros in the other 
entries. Then, (16.31) with this p gives 

^ 9 

and taking a — )■ 0+, we conclude w^; = 0. Since the argument works 
for all / and z/, it follows that = 0, for all |m| < rf. This completes 
the proof in the first case. 
Case a = p eN. 

In this case. Prop osit ion 1 5 . 3 1 and Proposition A. 2 imply the existence 
of Wj, \j\ < p, and asymptotically homogeneously bounded functions 
Cm, |m| = p, of degree with respect to L such that 

i{xo + et) = Y t"'cm{e)+0{ePL{e)) in5'(M'^,E). 

\j\<p \m\=p 

We have that each satisfies Cm{£) = 0{£~^^'^) (cf. Subsection 16. ip . 
and thus 

f (Xo +et) = Y ^'''^' W, + O ^/(^n^ 

\j\<p 

Proceeding as in the preceding case, we conclude that each wj = 0. 
Summarizing, we have shown so far 

(6.4) f (xo + et) =eP Y + ^ (^^^(^)) S'{W\ E). 

\m\=p 

Let now q be the number of multi-indices such that \m\ = p, once 
again, we index those multi- indices as {ml}1^-^^, and consider the vectors 
ei G R"^ with 1 in the Ith component and zeros in the other entries. Let 
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(T > be small enough such that if the qxq matrix A = {ai^y)^ ^ satisfies 
— 5i,v\ < 0", then A is invertible {5i^y is the Kronecker delta). For 
each 1 < / < find pi satisfying the conclusions of Claim [6731 for a and 
e;, that is, |/im,(p«) - < cr- Then, the matrix A := {pm,{pi))i^^ is 
invertible. Evaluation of (16. 4 p at the pi and the hypothesis (16.11) yield 
the qxq system of inequalities 
q 

^f^mMf^m.i^) =C>{L{e)), l = l,--- ,q. 

u=l 

Multiplication by A~^ implies that Cm(e) = 0{L{e)), for each |m| = p, 
which turns out to prove 

f (xo + et) = {ePL{e)) in 5'(M", E), 

as required. □ 

Second proof of Theorem \6.B. In this second proof we only consider the 
behavior at infinity. As in the first proof, we can conclude the existence 
of an i?-valued polynomial, which can be assumed to have the form 
^i^) = Ea<|m|<d^'"w„, such that 

f(At) = P(At) + 0(A"L(A)) 

if a ^ N, or 

f (At) = P(At) + AP ^ c„(A)t'" + 0(APL(A)) 

\m\=p 

if a = p G N, where the are asymptotically homogeneously bounded 
of degree with respect to L; either asymptotic formula holding as 
A — i- oo in the space S'{W^,E). We first show that P = in both 
cases. Select a < k < [a] + 1, since both L{\) and the are ©(A"^"), 
we obtain in either case that 

f (At) = P(At) + 0(A'') as A ^ cx) in S'{W). 

If we use the estimate for F^i{\x,\y), we have that for each (fixed) 
{x,y) e W+\ 

F^P(Ax,Ay)= Yl M^)'"'^ „^o^'« = 0(^'')' 

a<\m\<d 

A — !■ oo. This allows us to conclude that, for each {x,y) G H"+-^ and 
a < u < d, 



Q\m\ 

\m\=u \m\=u q=l 



= E (e— 0(-yn)) ^^^w„= 5^(zx)'"w^ + ^(zy)^R,(x) 
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for certain i?- valued polynomials Rg. But we can take ?/ — 0'*' in the 
above equation, which implies that = for \m\ = q, and since 
the same holds for every a < u < d, we have just shown that P = 0. 
Therefore, the case a ^ N has been established. The case a = p G N 
would now follow if we were able to prove that 

C(A,t):= ^ rc„(A) = 0(L(A)) 

\m\=p 

as A ^ cx) in 5'(M", E). We keep (x, y) G B{0, 1) x (0, 1), where B{0, 1) 
is the unit ball in M". By Proposition I3.4[ applied to 

1 



f (At) -^Yl ^""""rnW 

\m\=p 



XPL{X) 

and flG.ip . there are constants Aq, C > and / G M such that 



-Xi) 



\m\=p 



-yu)] c„(A) 



u=0 



< ^A^L(A), 

yL 



for all (x, y) G 5(0, 1) x (0, 1) and Aq < A, that is. 



C(A,x) + ^l/^a(A, 



X] 



< 



CL{X) 



for suitable £^-valued functions C^(A, x). If we now select p + 1 points 
< < ?/2 ■ ■ ■ < 1/p < I7 we obtain a system of p + 1 inequalities with 
Vandermonde matrix A = {yj)j,u- Multiplying by and setting 
X = t/ {1 + \t\), we can find a constant Ci such that 

||C(A,t)|| < Ci(l + \t\fL{X), for all t G M" and Aq < A. 

This completes the proof. 



□ 



We now investigate the weak-asymptotic behavior. 



Theorem 6.4. Let cp G 5(M") he such that /io(0) = 1 o,nd let L he 
slowly varying at the origin (resp. at infinity). Then, the existence of 
the limits 

(6.5) lim ^^l^ F^i{xo+ex,ey) = F^^y, for each {x,y) G H^+^nS" 



£^0+ e'^L(e) 



resp. lim 



1 



-F^f (Ax, Xy) = F,^y G E 



A^oo A°L(A)' 

and the estimate Ii6. for some A; G N, are necessary and sufficient 
for f to have weak- asymptotic hehavior in the space iS'(M", E), namely, 
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the existence of an E-valued homogeneous distribution g G S'iW^^E) 
such that 

(6.6) f (xo + et) ~ £"L(£)g(t) as e -> 0+ m 5'(M", E) 

{resp. f (At) ~ A"L(A)g(t) as A ^ oo in 5'(M", ^) ) . 
In such a case, g is completely determined by Ffpg{x,y) = F^^y 

Proof. Theorem 16 . 21 gives the equivalence of (16. ip with the weak-asymptotic 
boundedness of f. So, by the Banach-Steinhaus theorem, fl6.6p is 
now equivalent to the convergence of (£~°/L(£:))f (a^o + e ■ ) (resp. 
(A-"/L(A))f(A ■ )) over a dense subset of SiW'). By Corollary [331 
the linear span of the set {?/""</>(( ■ — x)/y) : {x, y) G H'^^-'^} is dense in 
4S(M"'), it remains only to observe that (16. 5 p gives precisely convergence 
over such a dense subset. □ 

Remark 6.5. We have stated the theorems of this subsection only for 
0— transforms, but they are obviously true for any non-wavelet trans- 
form if we just assume that /io = yUo(v^) = 9?(t)dt 7^ 0. Indeed, 
it follows simply by considering the 0— transform with kernel = /Xq ^(^. 

6.3. Tauberian Theorems for Wavelet Transforms. We now present 
the Tauberian theorems for wavelet transforms. We begin with weak- 
asymptotic boundedness. 

Theorem 6.6. Let f G S'(M."',E), let ip G iS(M"') be a non- degenerate 
wavelet, and let L be slowly varying at the origin (resp. at infinity). 
The estimate \5. 5]) . for some k & N, is sufficient for the existence of 
an E-valued polynomial P, of degree less than a (resp. of the form 
= Z)a<|m|<d^™Wrn, for somc d G Nj, such that: 

(i) If a ^ N, f — P is weak- asymptotically bounded of degree a at the 
point xq (at infinity) with respect to L in the space iS'(M",-E). 

(ii) If a = p & N, there exist asymptotically homogeneously bounded 
E-valued functions c^, \m\ = p, of degree with respect to L 
such that f has the following asymptotic expansion 



f (xo + et) = P{€t) +€^^2 ^"cm(£) + O (e^Lie)) 



\m\=p 




as £ — )■ 0+ (resp. A — )■ ooj m the space S'iMJ^, E). 
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Moreover, denote by Pq the homogeneous terms of the Taylor poly- 
nomials of ijj at the origin, that is, 

\m\=q 

Then, the E-valued polynomial P must satisfy 
(6.8) (^^^ P = 0, for all q G N. 

Proof. By Proposition 15. 3[ (15. 5p implies that f is weak-asymptotically 
bounded in the space iSo(M",-E). The existence of the ii^-valued poly- 
nomial P and the Cm, in case (ii), is then a direct consequence of 
Proposition A. 2. The assertion about the degree of P follows from the 
growth properties of L (in the case (ii) the terms of order \m\ = p can 
be assumed to be absorbed by the c^,). It remains to establish that 
P satisfies the equations (16. 8p . We show this fact only in the case of 
infinity; the proof of the case of behavior at finite points is completely 
analogous. Suppose the i?-valued polynomial has the form 

d 

p(t)= '^"^-= E Q-W' 

Q<|m|<d i/=[a]+l 

where each Q,^ is homogeneous of degree z/. Choose a < k < [a] + 1. 
Then, since L(A) = ©(A*""") and c^(A) = ©(A'^""), we obtain that 

f (At) = P(At) + 0{X'') as A ^ 00 in 5'(M", E). 

But, then, for each fixed {x,y) G HI"+^, the assumption on the size of 
yV^f{\x, Xy) implies that 

ct<\m\<d 

A — 7- 00. Then, we infer that for each a < u < d and each [x, y) G Et"""^-^, 
= E ^ (e"-"V^(2/«)) ^^^w„ = 5^(zy)«(P,(a/9x)Q.)(a;). 

\m\=v q=0 

Thus 



^9 ( — ) = 0, for all g, z/ G N, 



d_ 

dx ^ 

as required. □ 
We now consider the weak-asymptotic behavior. 
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Theorem 6.7. Let f G 5'(]R",E), let ip e >S(]R") be a non- degenerate 
wavelet, and let L be slowly varying at the origin (resp. at infinity). 
Suppose that the estimate Ii5.5\) holds for some k & N, and that the 
limits / I5. 6\) exist. Then, there exist an E-valued tempered distribution 
g, which satisfies >V^g(x,?/) = W^^y, and an E-valued polynomial P, 
of degree less than a (resp. of the form P(t) = Ylia<\m\<d^^^mj fof 
some d Efi), such that: 

(i) If a ^N, g is homogeneous of degree a and 

f (xo + et) - P{et) ~ e°L(e)g(t) as £ ^ 0+ m 5'(R", E) 

{resp. f (At) - P(At) ~ A"L(A)g(t) as X ^ oo m S'{^'\ E) ) . 

(ii) If a = p & there exist associate asymptotically homogeneous 
E-valued functions c^, \m\ = p, of degree with respect to L 
such that f has the following weak- asymptotic expansion 

f (xo + et) = P{et) + ePL{e)g{t) + ^"^^(e) + o {e^L{e)) 

\m\=p 

I resp. f (At) = P(At) + A^'L(A)g(t) + A^ ^ t'"c„(A) + o (ApL(A)) , 

\ \m\=p J 

as £ — 7- 0^ (resp. X ^ oo) in the space iS'(]R", E). 
Furthermore, P satisfies the equations Ii6.8\) . 

Proof. Proposition 15. 3^ under the assumptions fl5.5p and 05.61) . imphes 
that f has weak-asymptotic behavior in the space S'q{W^, E). An appli- 
cation of Proposition A.l yields now the existence of g, P, and the Cm 
in case (ii). That P satisfies the equations (16.81) actually follows from 
Theorem 16. 6[ □ 

When a ^ N in Theorem 16. 7^ the condition W^g{x,y) = W^^y 
uniquely determines g, in view of its homogeneity. On the other hand, 
if a G N, the prescribed values of W^g can only determine g modulo 
polynomials which are homogeneous of degree a. 

At this point it is worth to point out that the use of non-degenerate 
wavelets in Theorem 16.61 and Theorem 16.71 is absolutely imperative. 
Clearly, if ip identically vanishes on a ray through the origin, then there 
are distributions for which W^f is identically zero and hence for those 
distributions the hypothesis (15. 5p is satisfied for all a. However, among 
such distributions f , it is easy to find explicit examples for which the 
conclusion of Theorem 16.61 does not hold for a given a. 
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Observe that if ip & iSo(M") in Theorem 16.61 and Theorem 16 .7^ then 
the converses are also true, as follows from the moment vanishing prop- 
erties of ip- This is actually the content of Theorem 15. 2[ The same 
consideration holds for the case of weak-asymptotics at finite points if 
we employ wavelets ip that have all vanishing moments i^mi^P) = up 
to the order [a]. 



TAUBERIANS FOR WAVELET AND NON- WAVELET TRANSFORMS 49 



7. Tauberian Class Estimates 
In this section we show that the estimate of type 

(7.1) ||Mj(x,y)||<C^i±^l^±^, ix,y)eW^^\ 

characterizes the space iS'(M", E). We call (17. ip a global class estimate, 
and we may say that it has an intrinsic Tauberian nature. Specifically, 
we prove that if f takes values in a "broad" locally convex space which 
contains the narrower Banach space E, and if f satisfies (17. ip for a non- 
degenerate test function (p, then, there is a distribution G with values 
in the broad space such that supp G C {0} and f — G G iS'(M",i?). 
In case when the broad space is a normed one, G reduces simply to a 
polynomial. This will be done in Subsection 17.11 

We shall also investigate in Subsection 17.21 the consequences of (17. ip 
when it is only assumed to hold for (x, G M" x (0, 1], we call it then 
a local class estimate. In this case the situation is slightly different and 
we obtain that f — G G iS'(M", E), where G has compact support but 
its support may not be any longer the origin. We may take G with 
supp G C {0} if we employ the wavelets introduced in the Example 13.81 
(Subsection I7.4p . For the 0— transform G does not occur (Subsection 

Ol). 

We point out that the results of this section extend in several direc- 
tions those of Drozhzhinov and Zavialov from [9l [10] . 

Throughout this section, unless specified, X is assumed to be a (ar- 
bitrary) Hausdorff locally convex topological vector space such that the 
Banach space E G X and the embedding E ^ X is linear and con- 
tinuous. Observe that the transform (13. ip makes sense for X-valued 
distributions as well. Measurability for E'-valued functions is meant in 
the sense of Bochner (i.e., a.e. pointwise limits of i?- valued continuous 
functions); likewise, integrals for E'- valued functions are taken in the 
Bochner sense. 

7.1. Global Class Estimates. We begin with wavelets in 5o(M"). 

Proposition 7.1. Let f G Sq{W\X) and let ip G >So(M") be a non- 
degenerate wavelet. The following two conditions, 

(7.2) yV^i{x,y) G E, for almost all value of {x,y) G EI''+\ 

and it is measurable as an E-valued function, 
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and there are constants k,l eN and C > such that 

1 V 



(7.3) ||n;^f(a;,^)|| <C(^- + yJ {i + \x\y, 

for almost all {x,y) E H[""*'\ 
are necessary and sufficient for f G 5g(]R", E). 

Proof. The necessity is clear (Proposition I3.15p . We show the suffi- 
ciency. Let Tjhe a, reconstruction wavelet for if). We apply the wavelet 
synthesis operator to K(s,y) = >V^f(x,?/), this is valid because our 
assumptions ([72]) and ensure that K e S'{W+^,E). So, set 

f := TW^K G S'^{W,E) C 5^(M",X). 

We must therefore show f = f . Let p G iSo(M"). We have, by definition, 
dsn, and dan]), 

Ctp,ri Jo \ y \ y J I y 

and 

(f,p) = — (f,A^^W^p> 

1 /x/N P /" 1 T/^^-3;\ ^, , A dxdy 



Thus, with 



our problem reduces to justify the interchange of the integrals with the 
dual pairing in 

/»oo r- 

(7.4) / / (/(t),$(x,2/;t))dxdi/ = 

(/(t), / / ^[x,y-t)My). 
\ Jo -/r" / 

To show (17.41) . we verify that 

(7.5) /w*, / / {f{t),^x,y;t))dxdy 



w*,(/(t), / / ^ix,y;t)dxdy 
\ Jo Jm." 



for arbitrary w* G X' (here is where the local convexity of X plays 
a role). Since the integral involved in the left hand side of the above 
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expression is a Bochner integral in E and the restriction of w* to E 
belongs to E', we obtain at once the exchange formula 



(7.6) (w*, / / (/(t),$(x,y;t))dxdy) 

Jm." I 







(w*,(/(t),<l>(x,y;t)))dxdi/. 
On the other hand, we may write 

^(x, y\ t)dxdy 







as the limit of Riemann sums, convergent in iSo(]R"), we then easily 
justify the exchanges that yield 



w*,//(t), / / $(x,y;t)dxdy\ 



(7.7) 

/ / (w*,(/(t),$(x,y;t)))dxd2/. 

The equality (17.51) follows now by comparing (17. 6p and (17.71) . □ 

Proposition 17. II provides a full characterization of 5q(]R",-E). 

We now aboard the general wavelet case. The 0— transform will be 
studied separately in Subsection 17.31 because a stronger result holds for 
it. 

Theorem 7.2. Let f G 5'(M",X) and let G S{W') he a non- 
degenerate wavelet. Sujficient conditions for the existence of an X- 
valued distribution G G 5'(M",X) such that f - G G S'{W\E) and 
supp G C {0} are: 

(i) VV^f(x,?/) takes values in E for almost all {x,y) G H""*"-^ and is 
measurable as an E-valued function. 

(ii) There exist constants fc, / G N and C > such that fi7.3\) holds. 



Proof. Let i/ji G 5o(M") be the non-degenerate wavelet given by V'(m) = 
g-l"l-(i/l''l)_ get = tpi*'ip, then, ■ip2 G iSo(M") is also a non-degenerate 
wavelet. Using the same argument as in the proof of Proposition 17. ![ 
the exchange of integral and dual paring performed in the proof of 
Proposition 15.31 is valid and so we have the formula 

W^J{x,y)= W^i{x + yu,y)iJi{u)du, 

where the integral is taken in the sense of Bochner. Thus, the restriction 
of f to iSo(M"') satisfies the hypotheses of Proposition 17. and hence 
there exists g G S'{W, E) such that (f - g, p) = for all p G Sq{W). 
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This gives at once that G = f — g satisfies supp G C {0} and f — G G 
5'(M",E). □ 

When X is a normed space, we obviously have that the only X- valued 
distributions with support at the origin are precisely those having the 
form 

|m|<Ar 

Thus, we have: 

Corollary 7.3. Let X be a normed space. Then, the conditions (i) 
and (a) of Theorem \7.i^ imply the existence of an X -valued polynomial 
P such that f - P G 5'(M", E). 

Moreover, if Pq denote the homogeneous terms of the Taylor polyno- 
mials of ip at the origin (cf. ( [6'. then 

(7.8) T\l^^ieS'{W\E), for all q en. 

Proof. By Theorem Ol one can find P G S'{W, X) such that f - P G 
5'(M",£') and supp P C {0}. Since X is normed, the point support 
property of P implies that P is a polynomial. Next, write 

P(t) = zl'"lt™w^, with w„ G X. 

|m|<Af 



The relation (17. 8p would follow immediately if we show that Pq {d/dt)P 
is an ii^-valued polynomial. Observe that the hypotheses imply that 
W^P{x,y) G E, for almost all {x,y). Hence, for almost all {x,y), 

W^Pix,y) = (P(«),e-"5(y«) 



u=0 



rL\<N 

N . .X 



9=0 \m\=q \j\<N—q 
N 

Y,{wnPAd/dx)P){x)eE. 

9=1 



But the latter readily implies that {Pq{d/dx)P){x) G E, for all < 
g < X and X G M". □ 
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In general, it is not possible to replace the G by an X-valued poly- 
nomial in Theorem 17.21 However, we know some valuable information 
about G. Since it is supported by the origin, it is easy to show that 

^-^ ml 

where 

/i™(G) = (G(M),M"^)eX 

are its moments and the series is convergent in i5'(]R",X). This series 
is "weakly finite", in the sense that for each w* G X' there exists 
A^w* e N such that 

(w*,(G,p))= Yl ^^(^*""-^^))' for all p e 5(R"). 

Furthermore, given any continuous seminorm p on X, one can find an 
A^p e N such that 

Y ^^/^-(G)) =0, 

for all p G iS(]R"). Finally, we remark that G, its inverse Fourier 
transform, can be naturally identified with an entire X-valued function 
(cf. Subsection 17.21) . 

Example 7.4. We consider X = C(M) and E = Cfe(M), the space 
of continuous bounded functions. Let Xv ^ C(M.) be non-trivial such 
that suppXy C (i^, + 1), z/ G N. Furthermore, for each z/ G N find 
a harmonic homogeneous polynomial Qi, of degree z/, i.e., AQ^, = 0. 
Consider the i?-valued distribution 

oo 

Its Fourier transform is given by an infinite multipole series supported 
at the origin, i.e., 

CXI 

Let h G 5'(M'', Cb{R)) and let G \5o(M") be a non-degenerate 

wavelet such that its Fourier transform satisfies il){u) = \u\ + 0{\u\ ) 
as M ^ 0, for all > 2. If 

f = h+GG5'(M",C(M)), 
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then W^f{x,y) = W^h{x,y) for all {x,y) G EI"+^. Thus, f satisfies 
all the hypotheses of Theorem 17.21 however, there is no C (]R)-valued 
polynomial P such that f - P G >S'(M", Cfe(M)). 

7.2. Local Class Estimates. We now proceed to study local class 
estimates, namely, (17.11) only assumed to hold for {x,y) G M" x (0, 1]. 
Let us start by pointing out that M^{x,y) may sometimes be trivial 
for y G (0, 1), this may happen even if <f is non-degenerate: 

Example 7.5. Let u G S""\ r G M+; denote [0,ru] = {au : cr G [0,r]}. 
Suppose that f G 5'(R"',X) is such that supp f C [0,™] and ip G 
5o(M"') is any wavelet satisfying supp C M" \ [0, ru], then 

W^f (x, y) = (f (m), e'^-^iyu)) = 0, for all y G (0, 1). 

Fortunately, we will show that the only distributions f G iS'(R", X) \ 
5'(M", E) that may satisfy a local class estimate, with respect to a non- 
degenerate wavelet, are those whose Fourier transforms are compactly 
supported. 

We need to introduce some terminology in order to move further 
on. We will make use of weak integrals for X-valued functions as 
defined, for example, in [71] p. 77]. We say that a tempered X-valued 
distribution g G iS'(]R"', X) is weakly regular if there exists an X-valued 
function g such that pg is weakly integrable over M" for all p G iS(M") 
and 

(g,P) = / p(t)g(t)dt G X, 

where the last integral is taken in the weak sense. We identify g with 
g, so, as usual, we write g = g. 

Let us recall some facts about (vector valued) compactly supported 
distributions [73]. Let g G 5'(M"',X) have support in 5(0, r), the 
closed ball of radius r. Then, the following version of the Schwartz- 
Paley- Wiener theorem holds: 

G(z) = (g(n),e-^^-">, ^GC^ 

is an X-valued entire function which defines a weakly regular tempered 
distribution, and G(^) = g(0) ^ ^ ^""^ moreover, G is of weakly 
exponential type, i.e., for all w* G X' one can find constants C^* > 
and Xw* G N with 

(7.9) \{w\G{z))\<C^,{l + \z\f-'e'\'^"''\ z G C". 
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Conversely, if G is an X-valued entire function which defines a weakly 
regular tempered distribution and for all w* G X* there exist C^,* > 
and A^^. G N such that (ESD holds, then G = g, where g G 5'(M",X) 
and supp g C 5(0, r). 

The following concept for non-degenerate test functions is of much 
relevance for the problem under consideration. 

Definition 7.6. Let (f G iS(M") be non-degenerate. Given u G S"~^, 
consider the function of one variable Rujir) = (piru) G C°°[0, oo). We 
define the index of non-degenerateness of (f as the (finite) number 

T = inf {r G M+ : supp D [0, r] ^ 0, Vw G S""^} . 

We are ready to state and prove the main Tauberian result of this 
subsection. We shall consider slightly more general norm estimates for 
the regularizing transform in terms of functions \1/ : x (0, 1] — 
M+ which satisfy, for some constants Ci > and A;, / G N, 

(7.10) vl>(o,y)<^ and ^{x + ^,y) < Ci^{x,y)il + \^\y , 

for all x,^ G M" and y G (0,1]. 

Theorem 7.7. Let f G 5'(M",X) and let ^ G >S(M") be a non- 
degenerate test function with index of non-degenerateness r. Assume: 

(i) M^{x,y) takes values in E for almost all {x,y) G M" x (0,1] 
and is measurable as an E-valued function on M" x (0, 1] . 

(ii) There is a function \l/ : x (0, 1] that satisfies ^7-10) and such 
that 

\\Ml{x,y)\\ < ^(x,?/), for almost all {x,y) G M" x (0,1]. 

Then, for any r > t, there exists an X -valued entire function G, which 
defines a weakly regular tempered X-valued distribution and satisfies 
( [y.g[ j, such that 

f - G G S'{W,E). 
Furthermore, there exists C such that 

||Mj-^(a;,?/)|| < C'^{x,y), for almost all {x,y) G x (0,1], 

and we can choose G so that G = xf, where x ^ 'D(M."') is an arbi- 
trary test function that satisfies x{t) = 1 for \t\ < r and has support 
contained in the ball of radius r and center at the origin. 

Proof. Let ri be such that t < vi < r. It is easy to find a reconstruction 
wavelet rj G 5o(I^"') for ip, in the sense that 

1=1 (p(ruj)ri(ruj) — , for every u G S*^"^, 
Jo r 
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with the property suppr} C B{0,ri). Indeed, if we choose a non- 
negative K G ^^(IR") with support in B{0, ri) \ {0} and being equal 
to 1 in a neighborhood of the sphere rS"^^ = {u G M" : \u\ = r}, then 
the same argument given in the proof of Proposition 13.111 shows that 



rj[x) =- 



K{rx) \(f{rx)\^ — 
r 



fulfills the requirements. The usual calculation [351 P- 66] is valid and 

so, for p G 5o(M"), 



y"- ' \ y J ' ' ' y 



Observe now that if supp p C R" \B{0,ri), then 

Wfjp{x, y) = — i— / e"-"p(M)^(-Z/M)dM = 0, for all y G [1, oo). 
Thus, the same argument employed in Proposition 17.11 applies to show 
(7.11) (/,p)=r/ Mj(x,y)W,p(x,y)^, 



for all p G 5(R") with supp p C R" \ 5(0, ri). Choose xi e C°°(M") 
such that Xi(m) = 1 for all u G W\B{0,r) and suppxi G R"\i?(0,ri). 
Now, xi *f is well defined since Xi G C^(M") (the space of convolutors, 
cf. [76j), and actually fl7.1ip and the continuity of Wf^ imply that 
(27r)-"xi * f e S'{W,E). Therefore, G = f - (27r)-"xi * f satisfies 
the requirements because G = , where x = 1 — Xi, and so supp G C 
5(0, r). Since Xi = (27r)"5 — x and so 

Ml-^ix,y) = Mlix,y) - ^ ^f(0, (^^ {^^j^) *W 

= M'(x,y)--^ [ Ml{x-t,y)xmt, 



{2n) 

we obtain the norm estimate for M^~^ with the constant C = Ci(l + 
(27r)-"4„(l + |t|)'|x(t)|dt). □ 

Clearly, if the estimate for M^{x,y) in Theorem 17.71 is satisfied for 
all {x,y) G R" X (0, 1], so does the one for M^~'^{x,y). 

One may be tempted to think that in Theorem 17.71 it is possible to 
take G with support in 5(0, r); however, this is not true, in general, 
as the following counterexample shows. 
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Example 7.8. Let X, E, and the sequence {Xu}^=i be as in Exam- 
ple I7.4[ We work in dimension n = 1. We assume additionally that 
supg = 1) z/ G N. Let r > 0, the wavelet given by 

^(m) = e-l"l-(i/(l"l-^» for |m| > r and ^(m) = for \u\ < r, 

has index of non-degenerateness r. Consider the C(]R)-valued distri- 
bution 

oo 

Then, 



l<i^<: 



and hence, 

l|W^f(a;,y)|lc,(K) < 1> for all < y < L 

Therefore, the hypotheses of Theorem 17.71 are fully satisfied, however, 
f - G ^ 5'(R, aW), for any G G 5'(M, C(M)) with supp G C [-r, r]. 

7.3. The 0— transform. Theorem 17.71 can be greatly improved for 
the 0— transform. Observe that the index of non-degenerateness of 
is now r = 0. Remarkably, one gets a full characterization of the space 
S'{W,E). 

Theorem 7.9. Let f G >S'(ffi",X) and let G S{W) he such that 
/^o(0) = 1- Necessary and sufficient conditions for f to belong to the 
space S' (W^ , E) are: 

(i) Ffpi{x,y) takes values in E for almost all {x,y) G M" x (0,1] 
and is measurable as an E -valued function on M" x (0, 1], and, 

(ii) There exist constants k,l eN and C > such that 

(1 + blV 

\\F^i{x,y)\\ < y , for almost all {x,y) G x (0,1]. 



Proof. By Theorem 17.71 one may assume that suppf C 5(0, 1). So, f 
is given by an entire function of weakly exponential type which defines 
a weakly regular X- valued tempered distribution. Let p G 5(M") such 
that p{u) = 1 for M G 5(0,3/2) a nd suppp C 5(0,2). Choose 2a < 1 
such that |0(m)| > for all u G 5(0, 2o-). For a fixed x G M", the 
function 

oi—au) 
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defines an element of 5(M"). Tlius, 



[ZTl 



x.m ( ^ ) 



wliere tlie excliange witli tlie integral sign can be established as in the 
proof of Proposition 17. 1[ Hence the entire function f takes values in 
E. Moreover, 



ifwii<^ / (i+ieiyix.(oide 



<Ci(l + |x|)^, for all a; gM", 

for some constants Ci > and N E N. Clearly, the last E'-norm 
estimate over the growth of f implies that f G S'{MP,E), as required. 

□ 

7.4. Strongly Non-degenerate Wavelets. A strengthened version 
of both Theorem 17.21 and Theorem 17.71 holds if we restrict the non- 
degenerate wavelets to those fulfilling the requirements of the following 
definition. 

Definition 7.10. Let if) G 5(M") he a wavelet. We call ip strongly 
non-degenerate if there exist constants N E N, r > 0, and C > such 
that 

(7.12) C \u\^ < \ij{u)\ , for all \u\ < r. 

Theorem 7.11. Let f G 5'(M",X) and let G S{W) be a strongly 
non- degenerate wavelet. Assume: 

(i) W^f{x,y) takes values in E for almost all {x,y) G x (0, 1] 
and is measurable as an E -valued function on M" x (0, 1]. 

(ii) There exist constants k,l E N and C > such that 

(1 + \x\Y 

\\W^i(x,y)\\ < ' , for almost all (x,y) G R" x (0,11. 

yk 

Then, there exists G G S'{W,X) such that f - G G S'{W,E) and 
suppG C {0}. 
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Proof. As in Theorem I7.9[ we may assume that suppf C B{0, 1). Let 
p G iS(]R") be the same as in the proof of Theorem 17.91 We can find 
a,C i > an d N eN such that 2a < 1 and Ci|m|^ < \'^{u)\, for all 
u G B{0,2a). Given r] G 5o(M"), then 

X{u) = XvW = p{u)= 

defines an element of i5(]R") in a continuous fashion, consequently, the 
mapping 7 : 5o(M'^) 1— )■ [0, cxd) given by 

7{v)= [ (i + ieiyix(Oide 

is a continuous seminorm over iSo(M"). Now, for any 7] G 5o(I^")) 

= [ x(o>v^f(-e,o^)de. 

Therefore, 

||(f,r/)l| < (C/a'hiv), for all G 5o(M"), 

and the latter implies that the restriction of f to iSo(M") belongs to 
Sq{W^,E). The standard argument (see the proof of Theorem 17.21) 
yields the existence of G satisfying all the requirements. 

□ 

It should be noticed that the class of strongly non-degenerate wavelets 
coincides with that of Drozhzhinov-Zavialov wavelets, introduced in 
Example 13.81 Indeed, the condition f l7.12p holds if and only if the Tay- 
lor polynomial of order at the origin of is non-degenerate in the 
sense of Example 13.81 

In dimension n = 1, there is no distinction between non-degenerateness 
and strong non-degenerateness, whenever we consider wavelets in 5(]R)\ 
iSo(M). Actually, a stronger result than Theorem 17. 1 II holds in the one- 
dimensional case. 

Proposition 7.12. Let f G 5'(M,X) and let ip G S(M.) be a wavelet 
with Pdii^) 7^ 0, for some d E N. If the conditions (i) and (ii) of 
Theorem \7.11\ are satisfied, then there exists an X -valued polynomial 
P of degree at most d — 1 such that f — P G 5'(]R, E). 
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Proof. There exists (p G S{M.) such that = {—lYtp, and we may 
assume that /io(0) = 1- Then, 



F^{i^''^){x,y) = \w^i{x,y). 



yd 

Hence, an apphcation of Theorem 17.91 gives that f^'^) e S'{R,E), and 
this clearly implies the existence of P with the desired properties. □ 

Observe that the conclusion of Proposition 17.121 does not hold for 
multidimensional wavelets, in general, even if they are strongly non- 
degenerate. This fact is shown by Example 17. 4[ 

Naturally, if X is a normed space in Theorem 17.111 then G must 
be an X-valued polynomial, this fact is stated in the next corollary. 
Corollary 17. 13l extends an important result of Drozhzhinov and Zavialov 
[ini Thm. 2.1]. 



Corollary 7.13. Let the hypotheses of Theorem \7.11\ be satisfied. If 
X is a normed space, then there is an X-valued polynomial P such 
that f — P G 5'(M" , -E). Moreover, if Pq, g G N, are the homogeneous 
terms of the Taylor polynomials of 'ij) at the origin ( cf. ([g. ?| j ), then 
Pq (d/dt) P is an E-valued polynomial, for each g G N. 

Proof. The existence of the polynomial is clear. The proof of the re- 
maining assertion is identically the same as that of Corollary 17.31 □ 

In general, the degree of the the polynomial P occurring in Corol- 
lary [7]T3] depends merely on f, and not on the wavelet. However, when 
the Taylor polynomials of the wavelet ip posses a rich algebraic struc- 
ture, it is possible to say more about the degree of P. This fact was 
already observed in [lOl Thm. 2.2] for Banach spaces X. We de- 
note by Prf(M") the ideal of (scalar-valued) polynomials of the form 

Qit) = Ed<|„^|<7V«n^^". ^^1 SOme iV G N. 



Corollary 7.14. Let the hypotheses of Corollary \7.13\ be satisfied. If 



there exists d eN such that Prf(M") is contained in the ideal generated 
by the polynomials Pi, P2, . . . , Pd, where the Pq, g G N, are the homo- 
geneous terms of the Taylor polynomials of ip at the origin ( cf. \6. 7\ ) ), 
then there exists an X-valued polynomial P of degree at most d — 1 such 
thati-P g5'(M",E). 

Proof. Corollary 17.131 yields the existence of an X-valued polynomial 
P{t) = Pit) + J2d<\m\<N'^mt"' such that f - P G S' , E) and P 
has degree at most d—1. Then, we must show that G E, for 
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d < \m\ < N. But Corollary 17.131 also implies that Pg{d/dt)P is an E- 
valued polynomial for q = 1, . . . ,d, and since P(i(R"') is also contained 
in the ideal generated by Pi, ... , Pd, we obtain at once that 

= m!((9l'"l/^^™)P)(0) e E, for d < \m\ < N. 

□ 
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8. Regularity and Asymptotic Properties of Functions 
AND Distributions - Several Applications 

In this section we illustrate our ideas with several applications and 
examples. In Subsection 18.11 we give applications of our Tauberian 
theory in the analysis of pointwise and global regularity properties of 
distributions, where we extend or recovered a number of classical re- 
sults due to Meyer, Jaffard, and Holschneider [SH HH [61] . We study 
in Subsection 18.21 sufficient conditions for stabilization in time of the 
solution to the Cauchy problem discussed in Example 13.91 Subsec- 
tion 18.31 deals with applications to regularity theory in the setting of 
generalized function algebras. In Subsection 18. 4[ we provide a wavelet 
characterization of the distributionally small distributions at infinity 
(cf. Example 12.41) . Section 18.51 is devoted to the pointwise analysis 
of Riemann type distributions at the rationals. We obtain Tauberian 
theorems for Laplace transforms in Subsection 18.61 Finally, we show 
in Subsection 18.71 that for tempered i?- valued distributions the weak- 
asymptotics in V{W^,E) and S'{W^,E) are equivalent. 

8.1. Applications to Pointwise and Local Analysis of Distribu- 
tions. In [61j Meyer has proposed the use of weak scaling exponents at 
small scale in the pointwise analysis of functions and distributions (cf. 
Example 12. 2p . Moreover, he introduced some useful pointwise spaces 
of distributions in order to measure such scaling properties. They are 
natural generalizations of the classical pointwise Holder spaces C°(a;o). 
Recall a function / belongs to C^^xq), a > 0, if there exists a polyno- 
mial P such that 

\f(xo+h)-Pih)\ = o{\hn 

as /i — 0. It is also worth mentioning that fBTj Meyer's spaces are 
unions of the (local) 2-microlocal spaces, introduced by Bony [U [5l HHl 
[6T] and so useful in the study of non-linear PDF. 

We shall extend in this subsection the spaces of Meyer. Furthermore, 
we will consider i?- valued distributions and make use of slowly varying 
functions for our scaling measurements. Interestingly, despite the fact 
that our spaces are essentially pointwisely defined, they are, in turn, 
effective tools in the study of global regularity as well, as we show below 
with several applications. 

Definition 8.1. Let f G S'{W^,E) and let L be slowly varying at the 
origin. For Xq G M" and a G M, we write: 

(i) f G O°''^{xo, E) iff is weak- asymptotically bounded of degree a 
at Xq with respect to L (in iS'(R", E) ). 
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(ii) f G C^'^{xo, E) if there is an E-valued polynomial P such that 
f-P G C"'^(xo,^). 

(iii) f G C^'^^Xq, E) iff is weak- asymptotically bounded of degree a 
at Xq with respect to L in the space 5q(]R", E). 

We call C!^'^{xo, E) the pointwise weak Holder space of exponent 
a, with respect to L. When dealing with scalar-valued distributions, 
we simply write O°''^{xo), C!;^'^{xo) and C^'^{xo) for these spaces; fur- 
thermore, if L = 1, we then write C^{xo,E) = C!;^'^{xo, E), and sim- 
ilarly for the other two spaces. It should be mentioned that (9'^(xo) 
coincides with the one introduced by Meyer in [6T1 p. 13], while 
C°^(xo) = r"(xo) in Meyer's notation. 

Let us discuss some properties of our pointwise spaces. First of all, 
we obviously have: 

A more precise inclusion relation is obtained if we employ Proposition 
A. 2, this is the content of the next proposition. 

Proposition 8.2. Ifa^N, we then have C^'^{xo,E) = C^'^{xo,E). 
When a < 0, we have C"'^(xo,^) = C^'^{xo,E) = C^'^{xo,E). If 
a = p eN, then f G (^^'^(xq, E) if and only iff has a weak- asymptotic 
expansion of the form ( [yl. 7| j at the point xq- 

Therefore, when a G N, the difference between C^'^{xo, E) and 
C!^'^{xo, E) lies in the occurrence of associate asymptotically homoge- 
neously bounded functions in the expansion flA.7p . Let c : {0, A] ^ E 
be asymptotically homogeneously bounded of degree (at the origin) 
with respect to L = 1 (cf. Definition 16. ip . Since c{ae) = c{e) -\- 0(1) 
holds uniformly for a in compacts (see for instance |86l Chap. 10]), it 
is not difficult to prove that ||c(£:)|| = 0(log(l/e)). This bound and 
Proposition 18.21 immediately show the ensuing inclusion relation. 

Corollary 8.3. Let p e N. Then, Cp Jxo^E) C C£'''°'^'(xo, ^). 

Theorem 16.61 yields the characterization of C"'^{xo, E) through the 
wavelet transform. We rephrase this result in the following proposition. 

Proposition 8.4. Let a G M and let ip G iS(M") he a non- degenerate 
wavelet such that its moments satisfy /im(V') = for every \m\ < [a]. 
Then, f G C";^(xo,-E) if and only if there is k E N such that / (5. 5\) 
holds. 

We can characterize (9°''^(xo, E) as well, but we should then employ 
0— transforms: f G O°''^{xo, E) if and only if (16.11) is satisfied for some 
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G N. In the one-dimensional case, it is also possible to character- 
ize C^'^{xq, E), a G N, via an estimate of the form fl5.5p . this time 
the wavelet must satisfy Hoi^ip) = ■ ■ ■ = = and fiaW 7^ 0; 

however, such a characterization is no longer possible in the multidi- 
mensional case. 

It is worth pointing out that if f G C^'^{xo, E) and a > 0, then 
the Lojasiewicz point values (cf. Example 12. 3p f^™'\xo) exist, distribu- 
tionally, for all |m| < a. Moreover, f G C'^'^{xq^ E) if and only if the 
following "Taylor formula" holds, 

|m|<a 

We now move to applications. The next result characterizes global 
regularity of distributions in terms of the wavelet transform, it gen- 
eralizes the well known wavelet criterion for global Holder continuity 
[551 EBl IH2] • Let a G M+ \ N and let L be a slowly varying function such 
that L and 1/ L are locally bounded on (0, 1]. We say that / belongs 
to C".^(R") if / G CH(M«) and 

ll/IL,L ■■= 2^ sup \P\t)\+ 2^ sup < oo. 

The conditions imposed over L ensure that ^"'^(R") depends only on 
the behavior of L near 0; therefore, it is invariant under dilations. 
When L = 1, this space reduces to C°'^(M") = C°(M"), the usual 
global Holder space [3H1I6T]. Consequently, we call C"'^(M") the global 
Holder space with respect to L. Note also the following inclusion rela- 
tions: 

C^(M") C C'^iW") C C^(R"), whenever < 7 < a < /3. 

Observe that the essential technique in the proof of the following 
theorem is to turn pointwise weak regularity for vector-valued distri- 
butions into global information for scalar-valued distributions. 

Theorem 8.5. Let a G R+ \N and let ip G 5(R") be a non-degenerate 
wavelet such that its moments fimi'ip) = for every \m\ < [a]. Assume 
that f G 5'(R") satisfies 

(8.1) |W^/(x,y)| <Cy"L(y) /or a// (a;,i/)GR"x (0,2/0], 

for some constants C > and < ?/o < 1? where L G L'^ci^, 1] is 
slowly varying at the origin and 1/L G L'^ci^, !]■ Then, there exists an 
entire function of exponential type G such that 

f -G eC"'^{R''). 
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Moreover, if t is the index of non-degenerateness of ip and r > r, then 
G can be chosen so that, for some constants Ci and N E N, 

(8.2) \G{z)\<Ci{l + \z\fe^^'^"''^, 2 G C". 

Proof. By rescaling, we may assume that yo = 1. Define the vector- 
valued distribution f G <^(K^)) as f = f{t + 0, i-e-, 

m,y,{t)){o = {f{t+o,vit)) = {f*m)- 

Observe its wavelet transform W^f(a;,?/) G C(W^) is given by 

By ([8?I]) and Theorem [721 applied with E = C6(M"), the Banach 
space of bounded continuous functions, there exists an entire function 
G G 5'(MJ^), which satisfies such that 

g(t)(0:=^7(t + Oe'5'(Mr,a(M^")), 

where g = f — G. Furthermore, Theorem 17.71 also yields that for 
(a;,y)GM"x(0,l], 

||W^g(a;,2/)l|^^(j,„)<C22/"L(y), 

for some constant C2 > 0, and in particular, 

yO- 

limsup sup \\W^g{ex,ey)\\^ < 00, 

e^0+ (x,y)g(0,l]xM" ^ ^[^) ^ ' 

for any a > 0. Employing now Proposition 18. 4[ we conclude that 
g G C^'-^(0, C6(M"')). Thus, the Lojasiewicz point value at the origin 
gM(^0^ = G Cb(M"') exists, distributionally, for each |m| < [a]. 
If we fix (/) G iS(R"') with /io(0) = 1? the definition of distributional 
point values tells us that, for each \m\ < [a], lime^o+ fi'*'™''' * 4'e = 
Yim.^^Q+ {g^'^\et),(l){t)) = Vm in Cb(M"), consequently ^f^™) = v^, is 
a bounded continuous function. Finally, let \m\ = [a], observe that 
gM(t)(e) = g("^Ht + e Crt°l''^(0,a(M^)), i.e., 

/^o(^k(™HO- / g^'^\^ + etMt)dt = Oie'^-^'^^L{e)) 



in Cb(M^), for each test function (p G 5(R"). Hence, if < \h\ < 1, {/) is 
as before (/io(0) = 1)) and we use the fact that {0 — 0( ■ — w) : w G S"^"*^} 
is compact in 5(R"), we have 



sup + h)- ^(™nO| < 2 sup 



(™)(o- / g^-'Whit+o^m 



+ sup 



(^)(^+\h\tmt)-^{t-\h\-'h))dt 



o{\hr^''^m\)), 
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and this completes the proof. □ 

As a second apphcation of our pointwise spaces, we obtain some 
Tauberian criteria which allow us to compute pointwise Holder expo- 
nents in terms of size estimates on the wavelet transform. The first 
part of the next theorem is originally due to Jaffard ^3] . 

Theorem 8.6. Let a > and let ip G 5(M") be a non-degenerate 
wavelet with moments fimi'ip) = for every \m\ < [a]. Assume that 
f G S'iR"^) satisfies 

(8.3) \W^f{xo + x,y)\<C{\x\+y)'', for all \x\ + y < a, 

for some constants C,a > 0. 

(i) // there are constants Ci,7 > and yo G (0, 1) such that 

(8.4) I W^/(xo + x,y)\< C^y\ for all [x, y) G x (0, i/o], 
then there exists a 'polynomial P such that 

f{xo + t) = P{t) + O {\tf log(l/ |t|)) ast^O, 

in the ordinary sense. In particular, f G C"^(xo) for all ai < a. 

(ii) // there are constants, N > 0, C2 > and yo G (0, l)such that 
(8.5) 

C 

\W^f{xo + x,y)\ < (iQg^y^))jv+i ' for allix,y) x (0,?/o], 

then f G C(M") and f G C"-^(xo). 

We shall use a continuous Littlewood-Paley decomposition of the 
unity in the proof of Theorem 18.61 Let 0i G 5(]R") be radial such that 
01 is real-valued, 4>i{u) = for \u\ > 1 and (pi{u) = 1 for \u\ < 1/2. 
Furthermore, define ipi G 5o(I^") so that 

ipl{u) = lr=l = ■ V0l(u). 

Then, for each fix 6 > 0, in the sense of convergence in 5'(M"), 

F^J{-,b)+ fw^J{-,r)-:= limF^J(-,6)+ fw^J{-,r)- 
Jo ^ a^0+ r 

= Mm F^J{ ■ ,a), 

a-i-0+ 

which is precisely the meaning of the formula 

dr 

(8.6) f{x)=F^J{x,b)+ W^J{x,r)-, in 5'(M^). 

Jo ^ 
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Proof. We may assume xq = 0. Let 0i and ipi be as defined above. 
Observe first that (18.31) gives at once / G CS''^°^'(a;o), by Proposition 
18.41 and Corollary 18.31 (indeed, / G C^{xo) if a ^ N). So, for some 
polynomial P, 

F^Jix, \x\) = F^,Pix, \x\) + 0(|xr log(l/ |x|)), i.e.. 



(8.7) F^J(x, |x|) = P(x) + 0(|x|"log(l/|x|)) asx^O; 

as follows directly from the Abelian result (cf. Proposition I4.ip . 

(i) We show that we may assume ip = ipi. In view of Theorem | 
we may assume that / G C''(]R"); otherwise, we subtract an entire 
function and replace / by the so newly obtained function. Thus, the 
assumption / G C'^(]R") implies that we can suppose (18.31) to hold 
actually for all {x,y) G EI"^-'^ and = ipi in (18. 4p . If we consider 
f(t)(^,s) = f{^ + st) G S'{R^,CiW^^^^)), Theorem Ol applied with 
the Banach space E C C(W^^^^) of functions having finite norm 

II II , 

ll^ll := sup < oo, 

and (18.31) yield that /(^ + st) G S'q(W^,E)] thus, we may replace ip in 
( 18. 3p by any wavelet from iSo(M"), in particular, by ipi- Obviously, we 
can also suppose 7 < a. Finally, because of (18.41) . we obtain that the 
improper integral in (18. 6p is actually absolutely convergent in Cb{ 
and hence, taking b = \x\, we conclude 

dr 

fix) = F^J{x,\x\)+ W^J{x,r\x\) — 

Jo ^ 

= P(x) + 0(|xriog(l/|x|)). 

(ii) Suppose that we were able to show that it is possible to assume 
= t/'i in (18. 3p and (18. 5p . then the Littlewood-Paley decomposition 

(18. 6p would be an equality between continuous functions and so / G 
C"-~t^{xq) would be a consequence of (18. 7p and the estimate 



\A NT Jq r |log r| 



Ww,i/(x, r\x\) — = O / ^ dr + 

= 0(1x1"-^) + 0(1x1") = 0(1x1"-^) 
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Let us then show first that flS.Sp holds for ipi in place of ip. By The- 
orem O applied to fi(t)(0 = f{t + e >S'(MJ',C(M^)), we may as- 
sume that f{t + ^ '5'(]R", Cfc(M^)), because subtraction of an entire 
function does not change the hypotheses nor the conclusion. Thus, 
by Proposition 18. 4^ fi G C*,'ji°^' (0,C;,(]R)), and hence, evaluation 
at ipi gives precisely W^i/(^,e) = 0((log(l/£))~^~^) uniformly in 
^ G M". Finally, the last relation implies that the integral in (18. 6 p 
is absolutely convergent and so / G C;,(M"'); therefore, (18. 3p holds for 
all {x,y) G H""*"^, and exactly the same argument used in the proof of 
(i) yields ([HJD for = □ 

Remark 8.7. Theorem 18.61 may be restated in terms of 2-microlocal 
spaces. Indeed, the condition (18. 3p is equivalent to say that / coincides 
near xq with an element of the 2-microlocal space C^^~°', see [61j. 

Concerning Part (ii) of Theorem l8.6[ Meyer has considered the Taube- 
rian condition / G C(]R") and, for every > 0, 
(8.8) 

\f{t + h)- f{t)\ < 0((log(l/ \h\)y^), for all t G M" and \h\ < ^, 

Since (18. 8p readily implies that (18. 5 p holds for all and suitable con- 
stants 6*2 = Cat, we have recovered the following result of Meyer [GTj 
Thm. 3.13]. 

Corollary 8.8. // / G C(M") satisfies Ii8.3\) and the Tauherian condi- 
tion h8. 8\) for every N E'N, then f G C'^(xo) for all s < a. 

We end this subsection by comparing Theorem 18.51 with Holschnei- 
der's inverse theorem for global regularity [Ml |35]. His theorem is 
in terms of submultiplicative functions. Recall a positive function 
L^^(M4-) is called submultiplicative if there exists a constant C > 
such that 

(8.9) R{ah) < CR{a)R{b), for all a,b e M+. 

Holschneider imposes the following technical conditions on the "growth" 
of i? at and oo, 

(8.10) [ ^^dt<oo and [ dt < oo, 

for some A; G N. In addition, he also assumed that R is monotonous, 
but this assumption plays no role in our discussion. Interestingly, such 
functions do not stay too far from regularly varying functions, more 
precisely: 
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Proposition 8.9. Let R G L^^^(M+) be a positive submultiplicative 
function that satisfies l\8.1(j\) . Then, there exist two numbers k < a < 
(3 < k + 1 and functions Li G C(0, 1], slowly varying at the origin, and 
L2 G C[l, 00), slowly varying at infinity, such that 

(8.11) C-h"" < R{e) ^e^Liie), for all e e {0,1], 
C-^X^ < R{X) < A%(A), for all A G [1, oo), 

and 

R(e) R(X) 

(8.12) limsup — ^ , , = 1 and limsup - — ^ , , , = 1. 

^ ^ e^o+ e^'Liie) A^oo A"L2(A) 

Proof. Since Tit) = log(Ci?(e*)) is subadditive, an application of the 
well known limit Theorem for subadditive functions [331 Thm. 7.6.2] (cf. 
[2]) gives the existence of 

logi?(e) logjCRje)) 

a = iim — = sup 

£^0+ loge e<i loge 

and 

logfi(A) logiCRm 
fj = hm — — = mf , 

A^oo log A KA log A 

and also the fact a < /3. Now, Phillips's theorem [521 Thm. 7.4.4] (cf. 
[55]). applied to 

Ti{t) =\og{CR{e')) -kt and T2{t) = \og{CR{e-')) + kt, 

and the relations (I8.10p imply the growth estimates 

R{X) = 0(A'=+7(log Xf) as A ^ oo 

and 

R{l/X) = 0(A-V(log A)^) as A ^ oo, 
and so we infer that k<a<P<k + l. The existence of Li and L2 
with the required properties follows from the approximation theorem 
by regularly varying functions [3], Thm. 2.3.11, p. 81]. □ 

Therefore, Theorem 18.51 also allows us to obtain information about 
the regularity of distributions when their wavelet transforms are bounded 
by submultiplicative functions. 

Corollary 8.10. Let R G L^^(]R+) be a positive submultiplicative func- 
tion that satisfies satisfies Ii8.10\) for some k & N and let ip G iS(]R'^) 
be a non- degenerate wavelet with moments fj,m{4') = for \m\ < k. If 
f G S'{W) satisfies 

y^^^fix, y) < CR{y) for all (x, y) G x (0, yo], 
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for some constants C > and < i/q < 1, then there exists an entire 
function G that satisfies ^BIW ■^'^^/i that 

where 

logi?(£) 

a = lim 



e- 



and Li G C(0, 1] is any slowly varying function that fulfills ^8.11\) and 

8.2. Asymptotic Stabilization in Time for Cauchy Problems. 

We retain in this subsection the notation from Example 13. 9[ that is, U 
is the unique solution to the Cauchy problem (13. lip and = (27r)~"57, 
where r] G 5(M"') satisfies r]{u) = e^^™-*, m G F; thus, U is given by 
f l3.12p . We apply Theorem l6.4l to find sufficient geometric conditions for 
the stabilization in time of the solution to the Cauchy problem (13. lip , 
namely, we study conditions which ensure the existence of a function 
T : [A, oo) — )• M_,_ and a constant £ G C such that the following limits 
exist 

(8.13) lim ^^^j4^ = i, for each x G W. 
t^oo T[t) 

Let L be slowly varying at infinity and a G M. We shall say that U 
stabilizes along d-curves (at infinity), relative to A°'L(A), if the following 
two conditions hold: 

(1) There exist the limits 

(8.14) lim ^^^^^l^ = f/o(x,t), (x,t)Ge'^+in§- 



(8.15) 



(2) There are constants M G M+ and / G N such that 
f/(Ax, A'^t) 



A°L(A) 



< y, (x,t)GH"+^n 



Theorem 8.11. The solution U to the Cauchy problem stabilizes 
along d-curves, relative to A"L(A), if and only if f has weak-asymptotic 
behavior of degree a at infinity with respect to L . 

Proof. We have that U{x,t) = F^f{x,y), with y = t^^'^, then, condi- 
tions (I8.14P and (I8.15P translate directly into conditions (16. ip and (16. 5p . 
with F^^y = Uo{x,t^^'^) and k = dl. Therefore, Theorem 16.41 yields the 
desired equivalence. □ 
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Corollary 8.12. // U stabilizes along d-curves, relative to A"L(A), 
then U stabilizes in time with respect to T{t) = t'^/'^L{t}/'^). Moreover, 
the limit \8.1^) holds uniformly for x in compacts ofW^. 

Proof. By Theorem 18.111 there exists g G such that 

f{\i)^\^L{X)g{i) asA^ooin5'(M"). 

If C M" is compact, then, 

lim ^^^^ = hm ,,,, / f{t"%, ct>U-4n\) 

uniformly for x E K because 

- x/t^/'^) 0(0 in 5(M"), as t -> oo. 

□ 

Example 8.13. The heat equation. When F = and P{d/dx) = A, 
we obtain that stabilization along parabolas (i.e., d = 2) is sufficient 
for stabilization in time of the solution to the Cauchy problem for the 
heat equation. This particular case of Corollary 18.121 was studied in 

8.3. Applications to Regularity Theory in Algebras of Gener- 
alized Functions. In this section we show how the Tauberian theo- 
rems for the wavelet transform can be used as a standard device to 
derive results in the regularity theory for algebras of generalized func- 
tions. 

First, we consider the algebra of tempered generalized functions 
which contains 5'(M") as a proper subspace. Let Om(M") be the space 
of multipliers of i5(M"') [75], that is, the space of smooth functions 
whose derivatives are bounded by polynomials, of possible different 
degrees. Colombeau |S] defined the algebra of tempered generalized 
functions as the quotient ^^(M") = ^M,r(K")/A/;(M"), where ^M,r(R'') 
is the algebra of nets {f,)e G Ca/(K")^°'^^ 

(Vm G N")(3iV G N)(sup(l + |x|)-^|/i'")(x)| = 0{e-^)) 

while its ideal A/'t-(M"') consists of those such that 

(Vm G N")(3iV G N)(V6 > 0)(sup (1 + |x|)-^|/i'")(a;)| = 0(e*)). 

We can embed S'{W) into ^^(K") via 6(/) = [(/ * 0^)^], where 
satisfies the condition fl3.10p . 
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The algebra of regular tempered generalized functions ^^(M") con- 
sists of those nets in Om(M"')^^'^^ such that 
(8.16) 

(3a G R)(Vm G N'^)(3iV G N)(sup(l + |x|)-^|/i'^)(x)| = 0(0). 

We will show the regularity theorem for Q^{W^); it originally appeared 
in [39] . The proof is similar to that of Theorem 18.51 

Theorem 8.14. 5'(M") n ^~(M") = Ca/(K"). 

This equahty means that if / G 5'(M") and = / * 0^, e G (0, 1), 
determines an element of ^^(M"), then / G Om(^"')- 

Proof. The inclusion Ca/(M") C 5'(M") n ^^(M") is obvious. Let / G 
5'(R") such that L{f) G ^^(M'^), that is, the net f, = f * (j), satisfies 
fl8.16p . We should show that /*^™^ is continuous of polynomial growth 
for each m G N"'. Let G N be such that /3 = 2z/ — a > 0. Then, there 
exists Nq eN such that 

(8.17) sup(l + |xr^"|Wv,/('")(a:,2/)| =0(/), 0<y<l, 



where ip = A'^<j), a non-degenerate wavelet. Define h by 

(h,p) = /(-)*p, 

for p G >S(M"). Then there exists iV > iVo such that h G 5'(M",E), 
where E is the Banach space of continuous functions v G C(R") such 
that 

\\v\\ := sup(l + |e|)-^|t;(OI<oo, 

provided with the norm || ■ ||. Since yV^h.{x,y){^) = W^/^'^-*(^ + x,y), 
the estimate (18.171) gives now 

limsup sup e^'^ \\W^h(6x,6y)\\ < oo. 

e-5>0+ |a;|<l, 0<J/<1 

Theorem 16.61 implies, in particular, that h has a distributional point 
value at the origin (cf. Example 12.31) . say h(0) = v E E, distribution- 
ally, i.e., for each test function p, 

lim /("^) * p, = lim {h{et),p{t)) =v I p{t)dt, 

where the limit holds in E. But if we take p = we obtain in particular 
that lime_j,o+(/'-"*^ * 0£)(O — "^(0 uniformly for ^ in compacts of M", 
and this means exactly that f^'^^ = w is a continuous function of at 
most polynomial growth. □ 
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Remark 8.15. Recall [6] that the Colombeau algebra of generalized 
functions is defined as = £m{^)/-^{^), where £m{^), A/'(r2), 

consist of nets of smooth functions in Q, {fe)eGio,i)y with the properties 

{Wu GGn){Wu eN){3N eN){ sup |/i™)(a;)| = 0(£-^)), 
(Vw CC 1^)(V6 G M)(Vz/ G N)( sup =0(e^)). 

|r?i| <u,x£ui 

The embedding of the Schwartz distribution space £'{Q) is realized 
through the sheaf homomorphism 

£'in)3f^Lif) = [if*(l)Me]egin), 

where (p G 5(M") is as before. This sheaf homomorphism, extended 
over V, gives the embedding of V{Q) into The embedding 

respects the multiplication of smooth functions. 

The generalized algebra of "smooth generalized functions" is 
defined in [65J as the quotient of the algebras S'^{Q) and A/'(fi), where 
S^{Q), consists of nets of smooth functions in Q with the property 

(Vcj CC r])(3a G M)(Vz/ G N)( sup = 0(0), 

\m\<u,x£LU 

Note that Q°° is a subsheaf of Q. Roughly speaking, it has the same 
role as C°° in V. 

Similarly as above, one can prove the following well known assertion 
[65]: 

Theorem 8.16. V'{n) n G'^in) = C°°(fi). 

In fact. Theorem 18.161 is also a direct consequence of Theorem 18. 5[ 

8.4. Distributionally Small Distributions at Infinity. Estrada 
fl9\ l24j has characterized the class of distributions which are distri- 
butionally small at infinity (cf. Example 12. 4p . that is, the ones which 
have a weak-asymptotic expansion 

(8.18) f(At) ~ ^ -i^^^5(-)(t)w^ asA->oo in5'(M",E), 

\m\=0 

for some mult i- sequence {wmj^gp^n in E. 

The distributionally small distributions are precisely the elements 
of the space }C'{W^,E), where /C(M") is the test function space of the 
so called GLS symbols |29], defined as follows. Given /9 G M, the 
space /C^(R") is formed by those smooth functions p such that for each 
m G N'^ 

p(-)(t) = 0(|t|^-l™l) as|t|^cx). 
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provided with the topology generated by the seminorms 

max{sup \p^"'\t)\, sup \p^""\t)\}. 
\t\<i \t\>i 

Then, /C(M"') = ind hm^_>oo^/3(I^"')- Observe that the elements of 
K.iM"') are indeed symbols of pseudodifferential operators. 

It is important to emphasize that if flS.lSp holds, then fl9\ 123] it 
actually holds in the space /C'(M", E). 

Fourier transforming f lS.lSp . we have that f G /C'(M",i?) if and only 
if f G C^{0, E), where we set, cf. Section [HI 

(8.19) C^ixo, E) := fl C:^Jxo, E) = f] C^(xo, E), for xq G M". 



Therefore, using Theorem 16.61 we have obtained the following wavelet 
characterization of the space )C'{W^,E). Let G iSo(I^'^) be a non- 
degenerate wavelet. Then, an E -valued tempered distribution f belongs 
to /C'(M", E) if and only if there exists a sequence {t'pj^g of non- 
negative integers such that for each p eN 

hm sup sup — 



W^i{ex,ey) 



< oo. 



8.5. Pointwise Analysis of Riemann Type Distributions at the 
Rationals. We will investigate the pointwise weak-asymptotic expan- 
sion of the family of Riemann distributions 



n=l 



at points of Q. We split Q into two disjoint subsets Sq and Si where 



and 



On = < : z/, ? G Z > U < : z/, ? G Z 



oi = < : z/, ? G Z 

^ 2j + 1 '-^ 



When /3 > 1/2, i?^ is a continuous function. The imaginary part 
of Ri is the classical Riemann "non-differentiable" function. It is well 
known |2Sl ES] that if /5 > 3/4, then Rj^ is differentiable at the points 
of Si and has local cusps with differentiable remainder at points of Sq; 
for /3 G (1/2,5/4), Rj3 is not differentiable at any irrational point, as 
shown essentially by Hardy and Littlewood [30l [32| [36] . Jaffard and 
Meyer |49j showed that '^mRi has trigonometric chirps at the points 
of Si. Consult [m HH US] for properties of Ri at the irrationals. 
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We will exhibit more precise information concerning the scaling weak- 
asymptotic properties of at the rationals, in fact, we will show that 
i?^ admits a full weak-asymptotic series at points of Q, no matter the 
value of p. In particular, our analysis reveals that Rjs has weak scaling 
exponent (cf. Example I2.2p equal to oo at points of Si, at points of 
5*0, it has infinite weak scaling exponent after subtraction of an ade- 
quate term. To this end, we will be led to the study of the analytic 
continuation of the zeta-type function 



n=l 



(8.20) (^(^):=V^, ^ez>l 



where r G Q. If r = 0, (18.201) reduces to Co = C; the familiar Riemann 
zeta function. The main results of this subsection are Theorems 18.181 
and Theorem 18.221 The results of Duran and Estrada [ini [IZl dS] will 
play an important role in our arguments. 

We first study the properties of Rq. We begin with the expansion at 
0. Consider the tempered distribution 

AT OO AT 

fit) = Roit) -^{t + ^0)-^ = e^^"'* - + 

n=l 

where we denote by (t+zO)° the boundary value of the analytic function 
2;°, z > Q. Its Fourier transform is given by 



/ [u] = 2-71 6{u — -nn^) — y/iru^ 



n=l 



Then, if e 5o(M) and z/ e N, 



\W^^f{ex,ey)\ 



poo 

„_i Jo 



n=l 

< — jj^O(l), uniformly in G (0, 1) and |x| < 1, 

as shown by the Euler-Maclaurin summation formula [21]. This im- 
plies that / G /C'(]R) and thus satisfies the Estrada-Kanwal moment 
asymptotic expansion, 

00 / \^ 

f{\u)^Y. ^^[Jl'^ 5^^\u) as A ^ 00 in r(Mj. 



m,=0 



The moments of / can actually be evaluated in the Cesaro sense [191 [23]. 
If H denotes the Heaviside function and (C) stands for limits in the 
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Cesaro sense, then [T7| 

1 1 / ^ \ /x^ 



\ n=l 

= 71"^ lim I V n^'"- Te^^de I =7r"^C(-2m) (C), 



and hence /io = 27rC(0) = — tt, and /Xm = C(~2m) = for every m > 1. 
Consequently, 

/(Am) = -vr^ + o as A -> oo in 5'(M„), 

where o(l/A°°) means o (l/A^) for every N G N. Taking Fourier in- 
verse transform, we have the weak-asymptotic expansion 



(8.21) i?o(£t) = ^e*-"'^* = ^£-^(t + 20)-^-- + o(£°°) inS'iKt) 

n=l 



as £ — 0+. 

We now determine the weak-asymptotic expansion of i?o at 1. Ob- 
serve that Ro{l + t) = 2_Ro(4t) — Ro(t), thus the behavior at origin 
imphes that 

(8.22) i?o(l + £t) = + o(e°°) as £ -> 0+ in 5'(Mi). 

We return to the general case. Consider the two complex transfor- 
mations 

Kz = z + 1 and Uz = —1/z, for ^ G C, 

they generate the well know modular group which leaves invariant the 
upper half-plane and the real line. We are more interested in the theta 
group, namely, the subgroup of modular transformations generated 
by K"^ and U. Then, one readily verifies that 

■ = So and G^ ■ 1 = Si, 

that is, 5*0 is the orbit of under G^ while Si that of 1. Let 'd be the 
Jacobi theta function given by 

oo 

^9(2) := l + 2^e*"'^'^ z > 0. 

n=l 

We then have the following transformation laws 

i^{K^z) = i^{z) and i^{Uz) = ^(z); 
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the first of tliem is completely obvious, wliile tlie second one follows 
easily from the Poisson summation formula (cf. [551 P- 304]). Observe 
that t? admits a boundary tempered distribution on the real line, which 
we also denote by {}, or ^(t). 

We recall that the pointwise space C^(xo) was introduced in fl8.19p . 

The ensuing lemma describes the scaling weak-asymptotic properties 
of Ro at points of the orbit Si = ■ 1. 

Lemma 8.17. Let r E ■ 1. Then, Rq G G!^{r). Furthermore, at 
those points, Ro{r) = —1/2 and Rlp\r) = 0, distrihutionally, for each 
m> 1. 

Proof. Since Rq = {i!} — l)/2, it is enough to show that G C^(r) 
whenever r G G^ ■ 1, and ^^"^^(^r) = 0, distributionally, for all m G N. 
If r = 1, (18:221) shows that 

+ et) = o{£°°) as £ -> 0+ in S'{Rt), 

and hence "i? G G^{1) and = 0, distributionally, for all m G 

N. If the conclusion of the theorem holds at r, then clearly it holds 
at K^r = r + 2. Therefore, it remains to show that G C^{r) 
and '(^('"^(r) = 0, distributionally, m G N, implies G G'^{Ur) and 
^{^)(ljr) = 0, distributionally, m e N. So assume that ■& has the 
desired property at r, hence satisfies 

i^{r + et) = o(e°°) as e ^ 0+ in S'{Rt), 

As in Example 13.101 we find G iS(M) such that 4>{—u) = e"" for 
u G [0, oo), then F^{}{x, y) = ^{x + iy), because 

F^^(x,i/) = i-(e^^"^(w),e-^^) 

By Proposition 14. 1^ we can find sequences of positive reals {C^^j^g 
positive integers {K}'^^q such that for each i/ G N 

G e'^^^ 

\'d{r + ez)\< — -— , for all e G (0, 1] and < < 1. 

But since {}{Uz) = y/—iz ^{z), we have that 

(8.23) ^(-- + sz)= J— ^ ^ f r + -^"j , 

\ r y V 1 — £rz \ 1 — ezr J 
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from where we obtain that 



^ { -- +ez 

r 



< 77^ — n-) foi' all z/ e N, e e (0,eo] and < l^;! < 1, 
(ism zr^ 



for suitable > and {M^^j^Q. Theorem 16.21 yields immediately 
d G C~(-l/r) and actually d^'^\-l/r) = 0, distributionally, for all 
m G N. This completes the proof. □ 



If we introduce the pointwise space 
(8.24) O°°(xo) := fl O"(a;o), xq G 



oGlf 



where (9'^(xo) was defined in Subsection 18. we may rephrase Lemma 
ISTTl bv saying that i?o + 1/2 G 0°°{r) for each r G ■ 1. 

Observe that Lemma 18.171 gives then the full weak-asymptotic ex- 
pansion of i?o at r = (2j + l)/(2z/ + 1), j, u E Z, namely, 

(r + et) = + o(£°°) as e -> 0+ in S'iRt). 
It then follows by Fourier transforming that 

y e''^™'5(AM - vrn^) = + o( -^^ as A ^ oo in 5'(R„). 

■^--^ 2A \ A°° / 

71=1 ^ ' 

The above expansion yields that 

oo 
n=l 

Its moment series are Cesaro summable and its moment function de- 
fines an entire function [161 [19] (cf- [211 Thm. 6.7.2 and Thm. 6.11.1]). 

Indeed, since the support of Yl'^=i '^('^ ~ nn^) is [vr, oo), we can 
multiply it by and so 



„ oo oo 

'7r\ p 



n=l 71=1 

for each /3 G C. Therefore, the above distribution admits a moment 
asymptotic expansion at oo, and, by taking inverse Fourier transform, 
we readily verify that its m-th moment is given by {i7r)~'^ R^^\r) , the 
point values interpreted naturally in the distributional sense. Summa- 
rizing, we have obtained the complete pointwise behavior of Rj^ at the 
points of the orbit ■ 1. 
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Theorem 8.18. Let r e ■ 1. Then Rp G C~(r) for any /3 e C. 

Moreover, the Dirichlet series 



(8.25) ^^(^) = ^^ (C), zee 



n=l 



defines an entire function in z, where the sums of series for 3f?e ^ < 1 
are taken in the Cesdro sense, and they are convergent on the closed 
half-plane z > 1. In particular, the Lojasiewicz point values of the 
derivatives of at points of the orbit ■ 1 are given by 

(8.26) (r) = (m)'"Cr(2/3-2m), distnbutionally, for all m e N. 

Proof. We have aheady shown everything except the convergence of the 
series (I8.25P for ^ez = 1. But since Cr admits an analytic continuation 
beyond 3?e z = 1, the convergence of 



(8.27) Yl 



n 



1+yi 



n=l 

is then a consequence of the Newman- Ingham Tauberian theorem for 
Dirichlet series m ESI El] • □ 

It is implicit in Theorem 18.181 that Rp admits a weak-asymptotic 
series at the points of ■ 1. 

Corollary 8.19. Letr eG^-1. Then, for any f3 e C, 

Rs (r + et)^y Cr(2/3-2m) as s ^ 0+ m 5'(Mt). 

ml 

We now proceed to study the pointwise properties of i?/? on the orbit 
G^ -0. As usual, we start with Rq. We use the pointwise space defined 
by (18.241) in the next proposition. 

Proposition 8.20. At any point r E G^ ■ 0, there exists a constant 
pr £ C such that 

Ro{t) - ^Pr{t - r + ^0)-^ + 1/2 G 0^{r). 

Moreover, the constants ore completely determined by the transfor- 
mation equations: 

I ^ 

(8.28) Po = 1, pK^r = Pr, and pur = \ — pr- 

V r 
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Proposition 18.201 means that, at any point of the orbit we have 

the weak-asymptotic expansion 



Proof. Invoking again Rq = — l)/2, it is enough to show that 'i9(t) — 
br{t — r + iO)~2 G 0°°{r), r G ■ 0, where br = y/ipr- The property is 
satisfied at r = because of (18.211) . It then suffices to show that if 'i9(t) — 
br{t-r+iO)-^ G C~(r),r ^ 0, then ^{t)-bur{t-Ur+iO)-^ G 0°°{Ur), 
with bur = {—i/rY^'^br. A similar argument to the one applied in 
the proof of Lemma 18.171 shows that the latter assumption gives the 
existence of a sequence of positive numbers {0^}'^^^ and a sequence 
of positive integers {fc^j^o ^^^'^ that, for all G N, e G (0, 1] and 
< 1^1 < 1, 



Consequently, because of (I8.23p . for suitable > and {M^}^^q, we 
obtain, for all z/ G N, e G {0,£o] and < < 1, 



and, by Theorem 16.21 we conclude 'i9(t) —burit — Ur + iO) 2 g 0°°{Ur), 



Depending on whether /3 = l/2or/37^1/2, the distributions Rjs will 
behave differently on the orbit of under the theta group. This fact is 
intimately connected with the analytic continuation of (r for ^ ^ -0, 
which is obtained in the next proposition. 

Proposition 8.21. Let r G ■ 0. Then, (r admits an analytic con- 
tinuation to C \ {1}. Furthermore, (r has a simple pole at z = 1 with 
residue pr, determined by l{8.28\) . and the entire function 




-d^r + ez) — br{ez) 2 < 



{Qm zY" 




as required. 



□ 




Ar{z) = Cr{z) 



z-1 



can be expressed as the Cesdro limit 



(8.31) 




(C). 
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Proof. Observe that the formula f l8.30p holds when z > 1, so it 
suffices to prove that fl8.3ip defines truly an entire function. Fourier 
transforming (18. 29 p . we obtain the moment asymptotic expansion 

f^e^-'SiXu - nn') - |(A7r^)7 = + 4^) A ^ oo 

n=l ^ ^ 



in 5'(Ry), and so, 



oo 



f{u) = ^e^-'-"'5(An - nn') - G r(M„). 

Set 



2 

n=l 



oo 



n=l 

where H is the Heaviside function. We show that g G /C'(]R). Indeed, 
g — f E S'{R) C /C'(R), where £'{R) is the space of compactly sup- 
ported distributions. Now, suppgf = [7r,oo), then its moment function 
{g{u),u^) is entire and can be computed in the Cesaro sense [Ml Chap. 
6], hence the function 

Ar{z) = n-' {g{u),u-^) 
is entire. It coincides with f l8.3ip because 

/ oo 
\n=l 

Pr / 7^ (C). 

\<n<x ^ ^ 

□ 

We are ready to describe the pointwise behavior of on ■ 0. We 
define the generalized gamma constant as 

Observe that in fact 70 = 7, the familiar Euler gamma constant because 
Co = C is the Riemann zeta function. 

Theorem 8.22. Let r 

(i) If/3 G C \ {1/2}, then 



m=0 

as £ 0+ m 5'(Mt). 
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(ii) When (3 = 1/2, we have 
Riir+et) ~ 7r+y (- log (^^^ + ySgnt - 7^ +^ Ml_^(,e7rt) 



as e ^ 0+ m >S'(Kt). 

Proof. Let (7 G /C'(M„) be as in the proof of Proposition 18.211 Then it 
can be multiphed by {j:/uY and actually 

gp{u) := {7r/ufg{u) G /C'(M„). 

The moments of are given by TT^Ar{2P — 2m), m G N. 
Assume first that /3 7^ 1/2. The distribution 

h,{u) = ^u-/~'/\H{u) - H{u - tt)) 

has moments 



2/3 - 2m - 1' 

where P.p. stands for the Hadamard finite part ^24j. So gp — prhjs 
has moments 7r'"(^f.(2/3 — 2m) which implies the moment asymptotic 
expansion 

± . ^(Xu)^-i + V (-^)"'C,.(2/3 -2,„) 

n=l m=0 

as A — )■ 00 in /C'(]R„). Part (i) follows now by taking Pourier inverse 
transform. 

Suppose now that (3 = 1/2 and set 

w A 1 /t.^ /'H(u)\ Hiu-Ti] 
hi (u) = - [ Ft 



2 2 \ \ u J u 

where Pf (iJ('u)/-u) is the usual |24j regularization of H{u)/u by finite 
part. The moments of hi/2 are given by 

' 7r'"/(2m), m = 1,2,3,..., 
(log7r)/2, m = 0. 

The moment asymptotic expansion of gi/2 — yields the weak- 

asymptotic expansion, as A — )■ 00 in /C'(]Rti) 



hi {u),u^' 



2tx ' 2 \ \u A ^ mW 

^ ' m=l 

where 6 = (pr/2) logvr + 7^, which in turn proves Part (ii) after taking 
Pourier inverse transform. □ 
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In the rest of this subsection we discuss some useful formulas which 
can be derived from our previous analysis. The next corollary provides 
formulas for the constants pr- 

Corollary 8.23. Letr Then 

(8.32) lim — V e^"^"' = p,. 

n=l 

Proof. The relation f l8.32p follows directly from the Ikehara theorem 
[551 P- 122] and Proposition □ 

We now give a formula for 7^. 
Corollary 8.24. Let r e ■ 0. The series 



00 



(8.33) Yl 



n=0 



n=0 



is convergent for any ?/ G M. In particular, 

8.34 V = 7. - Pr.7 

or equivalently , 

(8.35) lim V pr log iV = 7^ 



N ■ 1 



n=l 



Proof. By Proposition 18. 2H (r — PrC is an entire function. Thus, the 
convergence of (18.331) is implied by the Newman-Ingham Tauberian 
theorem for Dirichlet series [121 [M] . The equality fl8.34p holds 
because {(r — C)(l) = 7r — 7 (Newman-Ingham theorem again), while 
()8.35p is an easy consequence of (I8.34p and the well known relation 
Elil/n = logiV + 7 + o(l). □ 

The convergence of fl8.27p is interesting by itself, so we state it in 
the following corollary. 

Corollary 8.25. The series 

CO .^^,2 Zj+l 



E 



n 



l+yi 



n=l 

is convergent for any j,^ E Z and y G 
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The pointwise behavior of Rq can be used to calculate some Cesaro 
sums and limits which apparently have not been given elsewhere be- 
fore. That is the context of the next corollary, whose proof is obtained 
immediately by comparing Corollary 18.191 with Lemma 18.171 and the 
expansion from Theorem 18.221 with (18.291) . 

Corollary 8.26. For any j, G Z, 

oo 

^n^'^e'""'^ =0 (C), m = 1,2,3,..., 

n=l 

and 

oo _ 

X^e-^iS^=-l (C). 

n=l ^ 

If r E ■ 0, then 




So, Corollary 18.261 tells us that the values of all generalized zeta 
functions coincide at the nonpositive even integers, and actually Cr(0) = 
((0) = -1/2 and Cr(-2m) = C{-2m) = for m = 1, 2, 3, . . . . 



8.6. Tauberian Theorems for Laplace Transforms. We now ap- 
ply the results from Subsection 16.21 to Laplace transforms. As in Ex- 
ample 13.101 r is assumed to be a closed convex acute cone with vertex 
at the origin; we set Cr = intr* and T^r = M" + iCr- The following 
Tauberian theorems for the Laplace transform were originally obtained 
in [7l[98] under the additional assumption that F is a regular cone (i.e., 
its Cauchy-Szego kernel is a divisor of the unity in the Vladimirov al- 
gebra H{T^^) [971 EH]); we will not make use of such a hypothesis over 
the cone F. 

Given k > 0, we denote by Vf^ C H"+^ the set 

(8.36) VL" = {(x,a) G H"+^ : \x\ < a'' and < a < l} . 

Theorem 8.27. Let h G 5f (i?) and let L be slowly varying at infinity. 
Then, h is weak- asymptotically bounded of degree a at infinity with 
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respect to L if and only if there exist numbers /c G N and < k < 1 
and a vector uj E Cy such that 

(8.37) limsup sup ||£ {h; e (x + iauj)}\\ < oo. 

e^0+ (a:,o-)eaO'=, o->0 -^(1/^) 

Proof. Set f = (27r)"h and keep the notation from Example 13.101 
Clearly, h is weak-asymptotically bounded of degree a at infinity with 
respect to L if and only if f is weak-asymptotically bounded of degree 
—a — n at the origin with respect to L{l/e). The latter holds, by fl3.13p 
and Theorem 16.21 if and only if there exists fci G N such that 

(8.38) limsup sup — — -— \\F^^{{ex,e cos'd)\\ < oo. 

)9e[0,7r/2) 

Thus, we shall show the equivalence between f l8.37p and f l8.38p . By 
part (i) of Proposition 15. fl8.38p implies f l8.37p . Assume now f l8.37p . 
namely, there exist Ci and < eo < 1 such that 

(8.39) \\F^J{ex',ea)\\ <^e-''-^L{l/e) , e < eo, (x^a)Gfi^ 

(T 

We may assume that k > a + n+ 1 and L satisfies (15. 3p and (15. 4p (the 
case at infinity). We keep arbitrary e < Eq, ^ E (0,7r/2) and x G M" 
with \xf + (cos-i?)^ = 1. Set 

r = /(cos-i?)!^, x' = x/r and a = (cos'i9)/r. 

Observe that (x', a) G dQ'^. Assume first that re < Eq, then, in view 
of (18391) and flO]) . 

\\F^J{ex,ecosm < (re)— L(l/(re)) 

[cosv/r)'^ 

< 4CiC2£-"-"L (l/e) (cos ^9)-'^-!^ 

on the other hand, if now eo < f'^, Proposition 13.41 implies that for 
some k2 E N, k2 < k and C4 > 0, 

(cos'i9)'=2 ^ ' ' \eoJ 

< (V^) (cOS^)-^-T^(^-"-'^-^^), 

^0 

where we have used (15.40 . Therefore, (18.380 is satisfied with ki > 

k2 + K{k2~a-n + l)/{l-K). □ 
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We obtain as a corollary the so called general Tauberian theorem for 
Laplace transforms [98, p. 84]. 

Corollary 8.28. Let h G 5f (-E) and let L be slowly varying at infin- 
ity. Then, an estimate Ili8.37\ ), for some A; G N and a; G Cr, and the 
existence of a solid cone C C Cr (i.e., int C (/)) such that 

(8.40) hm yj^C {h; te^} = G{tO, ^n E, for each ^ G C", 

are necessary and sufficient for h to have weak- asymptotic behavior at 
infinity of degree a, i.e., 

h{Xu) ~ A°L(A)g(M) as A ^ oo zn S'{W, E), for some g G S'^iE). 
In such a case, G{z) = C {g; z}, z G T'~^^ . 

Proof. Recall [HZ] that S'y{E) is canonically isomorphic to 5'(r,£') = 
Lfc(iS(r), £"). By the injectivity of the Laplace transform and the 
uniqueness property of holomorphic functions, the linear span of 

{e'«" : e e C"} 

is dense in iS(r); observe that f l8.40p gives precisely convergence of 

over such a dense subset. To conclude the proof, it suffices to apply 
Theorem 18.271 and the Banach-Steinhaus theorem. □ 

Example 8.29. Littlewood's Tauberian theorem. The classical Taube- 
rian theorem of Littlewood [311 |55l |56] states that if 



(8.41) lim 2^ c„e-"" = /3 

and if the Tauberian hypothesis c„ = 0{l/n) is satisfied, then the 
numerical series is convergent, i.e., Yl'^=o(^n = P- 

We give a quick proof of this theorem based on Corollary 18.281 We 
first show that the distribution h{u) = J2'^=o (^nS{u — n) has the weak- 
asymptotic behavior 

(8.42) h{\u) = > CnS(X u — n) ^ (3 — - — as A — > oo in iS (M^j). 

A 

n=0 

Observe that ( I8.40p is an immediate consequence of fl8.4ip (here n = 1, 
a = —1, L = 1). We verify f l8.37p with k = 0, actually, on the rectangle 
1]° = [-1,1] X (0,1]. Indeed, fl8.4ip and the Tauberian hypothesis 
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imply that for suitable constants Ci, C2, C3, C4 > 0, independent of 

{x,a) G 



\C {h; e{x + 



n=0 



n=l 



n 



a 



< Ci + Cse y e-^"" < — , {x, a)eQ^, < £ < 1. 



n=l 



Consequently, Corollary 18.281 yields (18.421) . Finally, it is well known 
that (18.421) and c„ = 0{l/n) imply the convergence of the series; in fact, 
this is true under more general Tauberian hypotheses (cf. [90, Sec. 3]). 
We can proceed as follows. Let a > 1 be arbitrary. Choose p G I?(M) 
such that < p < 1, p{u) = 1 for u G [0, 1], and supp p C [—1, a], then, 
evaluation of (I8.42p at p gives, for some constant C5, 



lim sup 

A— ^oo 



0<n<A 



< lim sup 

A— ^-oo 



E 

A<n 



CnP 



n 



< C5 lim sup — — P ( 

"^pix 



l<f<c 



^ X 

00 



dx < C^{o - 1), 

and so, taking a — )• 1+, we conclude Yl^=o^n = 

Remark 8.30. We refer to the monograph [98j (and references therein) 
for the numerous applications of Corollary 18. 28l in mathematical physics, 
especially in quantum field theory. Corollary 18.281 can also be used to 
easily recover Vladimirov multidimensional generalization [HS] of the 
Hardy-Littlewood-Karamata Tauberian theorem (cf. (TJEB])- 

8.7. Relation between Weak-asymptotics in the Spaces V'{W^, E) 
and iS'(M", E). If a tempered ii^- valued distribution has weak-asymptotic 
behavior in the space S'{W^,E) then, clearly, it has the same weak- 
asymptotic behavior in 'D'{W^,E). The converse is also well known 
in the case of scalar-valued distributions, but the true of this result is 
less obvious. There have been several proofs of such a converse result 
and, remarkably, none of them is simple (cf. [HIl EZl ESI El] and espe- 
cially |105l Lem. 6] for the general case). We provide a new proof of 
this fact, which will actually be derived as an easy consequence of the 
results from Subsection 16.21 

We begin with weak-asymptotic boundedness. Let L be slowly vary- 
ing at the origin (resp. at infinity). 
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Proposition 8.31. Let f G iS'(]R",i?). Iff is weak- asymptotically 
bounded of degree a at the point xq (resp. at infinity) with respect to L 
in the space V'iW", E), so is f m the space f G S'{W, E). 

Proof. We may assume that xq = 0. We will show both assertions at 
and oo at the same time. The Banach-Steinhaus theorem implies the 
existence of G N, C > 0, and /iq > such that 

|(f(/it),p(t))| < C/i"L(/i) sup \p^'^\t)\, for all p G I)(5(0,3)) 

|t|<l, \m\<v 

and dX\ Q < h < Hq (resp. Hq < h), where 5(0,3) is the ball of 
radius 3. Let now (p G V{B{0, 1)) be so that /io(0) = 1- If we take 
p{t) = y~^(j){y~^{t — x)) in the above estimate, where < y < 1 and 

< 1, we then obtain at once that (16. ip is satisfied with A; = z/ + 
and consequently the Theorem 16.21 implies the result. □ 

Proposition 18.311 the Banach-Steinhaus theorem, and the density of 
P(]R") in iS(M") immediately yield what we wanted: 

Corollary 8.32. //f G 5'(M",-E') has weak- asymptotic behavior in the 
space V'(W^,E), so does f have the same weak- asymptotic behavior in 
the space 5'(R",E). 

Corollary 18. 32l tells us then that the weak-asymptotics at finite points 
in S'lMJ^jE) are local properties. Indeed, if fi = f2 in a neighborhood 
of Xq G M", then we easily deduce from Corollary 18.321 that they have 
exactly the same weak-asymptotic properties at the point Xq in the 
space S'{W,E). 
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9. Further Extensions 

We indicate in this section some useful extensions and variants of 
the Tauberian results from the previous sections. 

9.1. Other Tauberian Conditions. The Tauberian conditions (15. 5 p 
and f l6.ip . occurring in Theorems 15 . 2 1 - I^Tf can be replaced by estimates 
of the form fl8.37p . that is, one may use the boundary of some set Q'^, 
< K < 1 (cf. (K^ ). instead of the upper half sphere M'^+i n 
Specifically, the same argument given in proof of Theorem 18.271 applies 
to show that (15. ip (and hence (14.10 ) is equivalent to the estimate 

II f II 

limsup sup ^ |[M^ (xq + ex, ey)\\ < oo 



resp. limsup sup ———— \\M^ {Xx, Xy)\\ < oo 

A^oo (x,y)edn'^,y>0 ■^"^W 



for some < k < 1 and k eN (the k may be different numbers) 



9.2. Distributions with Values in DFS Spaces. All the results 
from Sections I1H7] hold if we replace the Banach space £^ by a Silva [77] 
inductive limit of Banach spaces En,n G N, that is, 

oo 

E = [\En = md lim {E^, 1 1 ■ | U) , 

n=l 

where Ei <Z E2 <Z . . . and each injection En — )■ En+i is compact. These 
spaces are actually the DFS spaces (strong duals of Frechet-Schwartz 
spaces). Particular examples are E = S'{M."'),Sq{W^),V{Y), where Y 
is a compact manifold, among many other important spaces arising in 
applications. 

In this situation E is regular, namely, for any bounded set OS there 
exists no G N such that 25 is bounded in Eng. Thus, our Abelian and 
Tauberian theorems from Sections HHH] for i?- valued distributions are 
valid if we replace the norm estimates by memberships in bounded sets 
of E. For instance, a condition such as (15. ip should be replaced by one 
of the form: There exist k E N, Eq > 0, and a bounded set ^ G E such 
that 
(9.1) 

{xo + ex, ey) G 23, for all < e < £0 and |a;| + = 1 ; 



and similarly for all other conditions occurring within these sections. 
As already observed, (19. ip is equivalent to an estimate of the form (15. ip 
in some norm || ■ H^^^, but the existence of the no would be extremely 
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hard to verify in applications and thus such a Tauberian condition 
would have no value in concrete situations. It is therefore desirable to 
have more realistic Tauberian conditions. We can achieve this if we 
use the Mackey theorem [83l Thm. 36.2], because the condition (19. ip 
is then equivalent to the following one: There exists A; G N such that 
for each e* G E' 

(9.2) limsup sup ^ [ (e*, (xq + £x, ey)) [ < oo. 

Since E is & Montel space [TTl [83j, the limit condition (15. 2 p can be 
replaced be the equivalent one: There exist the limits 

(9.3) lim — ^ (e*, MJ(xo + ex, ey)) G C, 
e"-i^o+ eL{e) ^ 

for all e* G E' and {x,y) G HI"^^, and likewise for all other limit 
conditions. 

Furthermore, the results from Section [7] are also valid in this context, 
if we use suitable hypotheses. For example. Theorem 17.21 remains true 
if we replace the hypotheses (i) and (ii) by: 

(i) ' W^f(x,?/) G E for all {x,y) G M"^^ and it is continuous as an 

-E-valued function. 

(ii) ' There exist /c, / G N such that for each e* G E' 

sup (- + y] (1 + \x\)-'\{e*,W^i{x,y))\ < oo. 

The other results are true under similar considerations. 

Note that one can find in [53] an overview of results concerning regu- 
lar inductive limits of Banach spaces and several conditions (extensions 
of Silva's results) which ensure that they have the Montel property. 
Since the regularity and the Montel property of DFS spaces were the 
only two crucial facts used above, the comments of this subsection are 
also valid for more general locally convex spaces. 

Let us discuss an example in order to illustrate the ideas of this 
subsection. 

Example 9.1. Fixation of variables in tempered distributions. Let 
/ G 5'(M" X M™) and to ^ l^"'- Following Lojasiewicz j59j, we say 
that the variable t = to & M" can be fixed in f{t,^) if there exists 
g G >S'(M^) such that for each G 5(M^ x R^) 

lim if {to + et,0,v{t,0)= I {giO,vit,0)dt. 
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We write /(to, — diO^ distributionally. The nuclearity of the Schwartz 
spaces 1^ imphes that S'iR"^' x Rf) is isomorphic to S'{R'^,E), 
where E = 5'(]R™), a DFS space. Actually, the latter tells us that fix- 
ation of variables is nothing but the notion of Lojasiewicz point values 
itself for ii^- valued distributions (cf. Example I2.3p . Therefore, the DSF 
space- valued version of Theorem 16.41 implies that if G 5(M") with 
/Xo(0) = 1, then the variable t = can be fixed in /(t, if only if 
there exists k such that for each p G iS'(]R™) 

limsup sup \{f {to + ex + eyt,^) ,(f){t)p{^))\ < oo, 

e— >0+ (i,i/)eH"+i 

and 

lim (/ (to + ex + eyt, , (pit)p{^)) exists for all {x, y) G e"+i n 

£-5-0+ 

Remark 9.2. It is well known [37| that the projection vr : R" x R™ — > 
{to} X M™, 7r(t,^) = (^0,0' defines the pull-back 

S'{R^ X R-) 3 f{t,0 ^ /(to,0 := ^7(0 G S'{R^) 
if the wave front set of / satisfies 

WF{f) n {(to, e, ^, 0) : e e V e R"} = 0. 

Thus the result given in Example 19.11 is interesting since we give a 
necessary and sufficient condition for the existence of this pull-back. 
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A. Appendix 

Relation between Weak-asymptotics in S'q{R"',E) and 

S'{W, E) 

The purpose of this Appendix is to show two propositions which es- 
tabhsh the precise connection between weak-asymptotics in the spaces 
Sq{W^,E) and S'{W^,E). Observe that such a relation was crucial for 
the arguments given in Section [61 

Propositions A.l and A. 2 below are multidimensional generalizations 
of the results from [951 Sec. 4] and their proofs are based on recent 
structural theorems from [SB]- We assume again that E is a, Banach 
space. 

Proposition A.l. Let L he slowly varying at the origin (resp. at 
infinity) and let f G iS'(R",i?) have weak-asymptotic behavior of degree 
a at the point Xq (resp. at infinity) with respect to L in Sq{M.'^, E), i.e., 
for each ip G iSo(M") the following limit exists 

(A.l) lira -l—{i(xo + et),^{t)) mE 

e-i«o+ e L\e ) 

Then, there is g & S'{M."-',E) such that: 

(i) If a ^ N, g is homogeneous of degree a and there exists an 
E-valued polynomial P such that 

(A.2) f{xo + et) -P{£t) e'^L{e)g{t) as e ^ 0+ inS'{W,E) 

{resp. f (At) - P{Xt) ~ A"L(A)g(t) as X ^ oo %n 5'(M", E) ) . 

(ii) // a = p G N, g zs associate homogeneous of order 1 and degree 
p (cf m P- 74], m) satisfying 

(A.3) g{at) = aPg{t) + a^loga ^ t^v^, for each a > 0, 

\m\=p 

for some vectors G E, \m\ = p, and there exist an E- 
valued polynomial P and associate asymptotically homogeneous 
E-valued functions c^, \m\ = p, of degree with respect to L 
such that for each a > 

(A. 4) Cjn{ae) = c{e) + L{e)\ogaWm + o{L{e)) as e — )■ 0"*" 
{resp. Cm(aA) = c(A) + L(A) loga Vm + o(L(A)) as A oo ) 
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and f has the following weak- asymptotic expansion 
(A.5) f (xo + et) = P(£t) + ePL{e)git) + ^^c^l^) + « (^"H^)) 

\m\=p 

resp. f (At) = P(At) + APL(A)g(t) + A^ ^ t"c^(A) + o (A*'L(A)) 

\m\=p 

as £ — 7- 0^ (resp. X ^ oo) in the space 5'(]R"', E). 

Proof. Let i5°(M") be the image under Fourier transform of iSo(M"). 
Then, iS''(M"') is precisely the closed subspace of iS(M"') consisting of test 
functions which vanish at the origin together with their partial deriva- 
tives of any order. Thus, if we Fourier transform (lA.ip and employ the 



Banach-Steinhaus theorem, we obtain the existence of hg G iS°'(M", E) 
such that the restriction of f to iS°(M"') satisfies 

exp{ie-\ ■ xo)i{e-\) ~ e"+"L(e)ho(M) as e ^ 0+ in 5°'(M", E) 
(resp. i{X-\i) ~ A"+°L(A)ho(M) as A ^ cx) in 5°'(M", E) ) . 

Setting i{u) = e^"-^of(M) (resp. i{u) = i{u) ), L{y) = L{l/y), (3 = 
—n — a and replacing e by A^^, we have that the restriction of f to 
iS^(R") has the weak-asymptotic behavior 

(A.6) f (Am) ~ A^L(A)ho(M) as A -> oo in 5°'(M", E) 

(^resp. l{eu) ~ el^L{e)ho{u) as £ ^ 0+ in 5°'(M", E) ) , 
for some ho G iS°'(M"', E). We now apply the results from [88]. 



Case (i): a ^ N. By fCO]) and [851 Part (i) of Thm. 3.1], there 



are an ii^-valued distribution h G i5'(]R",i?), which is homogeneous of 
degree /3 = — n — a, an natural number G N, and G E, \m\ < d, 
such that 

f (An) = A^L(A)h(n) + ^^^^ + « (^^^(A)) as A ^ oo 



, A 

\m\<d 



resp. i{eu) = £^L(e)h(n) + 22 ^n+H^ "^ + ^ [^'^^i^)) as e ^ 



e 

|m|<d 



in S'lW^jE). Finally, by setting g = h, taking Fourier inverse trans- 
form and replacing A by (resp. e by A~^), the last relation shows 
that f satisfies fICT) with P(t) = (l/27r)" ^|^j<^(-it)'"w„. 



94 S. PILIPOVIC AND J. VINDAS 

Case (a): (5 = —n ~ p, p ^ N. The weak-asymptotics flA.6p and 
Part (ii) of Thm. 3.1] yield the existence of d G N, G E (for 
l^^l < d), Vm G E (for |m| = p), continuous functions : M+ E (for 
|m| = p), and a tempered i?-valued distribution h G iS'(]R",i?) such 
that f has the following asymptotic expansion in 5'(R'^, E') as A — )■ oo 
(resp. e — )■ 0"*") 

|m|<d |m|=p 

respectively 

Us). , . V- V- (5(™)(m). . . (lie] 



O 



'mi 



\m\<d \m\=p 

where h satisfies 

|m|=p 

for each a > 0, while the Cm fulfill 

c^(aA) = c^(A) + L(A) loga + o (j^{X)^ , |m| = p, 

^resp. c^{ae) = c^(e) + L{e) logo + o (^^(e:)) ) • 

Then, Fourier inverse transforming the weak-asymptotic expansion of f , 
we convince ourselves that f satisfies flA.SP with the polynomial P{t) = 
(2vr)-"E|,n|<d(-^^)"w^' the functions c^(y) = (-z)P(27r)-c^(y-i) 
and g given by g = h. In addition, the relations ( \A.3\i and f lA.4p hold 
with \rn = -(-»i)^(27r)-"v„ , \m\ = p. 

□ 

The proof of the following proposition is completely analogous to 
that of Proposition A.l, but now making use of [88l Thm. 3.2] instead 
of [HSl Thm. 3.1]; we therefore omit it. 

Proposition A. 2. Let L be slowly varying at the origin (resp. at 
infinity) and let f G iS'(]R", E) be weak- asymptotically bounded of degree 
a at the point Xq (resp. at infinity) with respect to L in iSq(M",£'). 
Then: 

(i) Ifa^N, there exists an E -valued polynomial P such that f — P 
is weak- asymptotically bounded of degree a at the point Xq (resp. 
at infinity) with respect to L in the space S'{W^,E). 
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(ii) If a = p eN, there exist an E -valued polynomial P and asymp- 
totically homogeneously hounded E -valued functions Cm, = 
p, of degree with respect to L such that f has the following 
weak- asymptotic expansion 



(A.7) f{xo + St) = P{et) + ePj2 ^"''^mie) + O {ePL{e)) 



\m\=p 




as £ — >■ 0"*" (resp. A — >■ ooj m the space S'{W^, E). 
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